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ABSTRACT 
An extensive experimental and analytical investigation 
of thin-steel hyperbolic paraboloid (hypar) structures was car-
ried out to provide design information. As a result of this 
work, empirical data is provided regarding the behavior of 
such structures and computer programs are presented for the 
analysis of thin steel hypar structures. 
Hyperbolic paraboloid structures possess a unique combina-
tion of structural and architectural properties; some of them 
are the following: 1) Due to the double curvature of the sur-
face the internal stresses in the deck are generally low and 
the deflections are small. 2) Since a hypar surface can be 
generated by straight lines, thin-steel or light-gage panels 
may be used to form the shell; furthermore such panels are well 
suited to carry the in-plane shear forces in hypar shells. 
3) Basic hypar units can be combined in a large variety of ways 
to produce attractive roofs (Fig. 1-2, page 212). 4) The dead 
load to live load ratio is very low in the case of thin-steel 
shell structures. 
A hypar unit is a warped surface bounded by straight lines 
(Fig. 1-1, page 211). The equation of the surface is z = Cxy/AB. 
According to the simple membrane theory, a uniform load p pro-
duces pure shear forces Nxy = ABF/2C. This membrane shear 
transmits uniform eccentric axial forces to the edge members. 
The following are the major problems associated with the 
design of thin-steel hypar structures: 1) The deflections, 
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stresses, and the stability of hypars depends greatly on the 
shear rigidity of the thin-steel deck. This property must be 
evaluated experimentally for each combination of decking, con-
nections to edge members, and seam connections. Furthermore, 
in the case of hypars the deck is warped and thus the shear 
rigidity may be different from that of an equivalent flat dia-
phragm. 2) The deck may buckle due to the shear stresses~ and 
the buckling load must be evaluated for highly orthotropic 
shells. 3) The design of thin-steel hypar structures is gen-
erally governed by stiffness (deflections or buckling) require-
ments. The evaluation of the deflections is a very complex mat-
ter because it depends on the deck rigidity, the edge member 
axial and bending stiffnesses, and on the eccentricity of the 
deck-to-edge member connection. 4) If the curvature (or rise-
to-span ratio) of a hypar is small, the deflections may be 
large and a considerable portion of the load is carried by bend-
ing rather than by membrane shear. 5) Partial or concentrated 
loads may cause large local deflections, especially if single-
layer decks are used. 
The present investigation studied all the above-mentioned 
factors. The experimental and the analytical studies are sum-
marized briefly in the following paragraphs. 
The ~~perimental investigatio~ consisted of four types of 
tests: a) Four medium-scale (12 ft by 12 ft in plan) inverted 
umbrella tests to study the stresses, deflections, and the 
deck buckling; b) Test on a small-scale (2 ft by 2 ft) inverted 
umbrella structure to study scaling effects and the overall 
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buckling of hypars; c) Sixteen flat shear tests to determine 
the shear rigidity of the decks used in the hypar tests; d) 
Twelve saddle-s~aped hypar tests (S ft by S ft in plan) with 
various rise-to-span ratios to evaluate the effect of rise or 
warping on the shear rigidity and to study other factors such 
as partial loading and single versus double layered decks. 
Photos of the various types of tests are shown in Figs. 7.1 to 
7.S. The experimental program is described in detail in Chap-
ter VII. 
Prior to the main test program, several small-scale (2 ft 
by 2 ft) four-quadrant tests and medium-scale single-quadrant 
tests were also conducted. These tests were however discon-
tinued because of the severe scaling effects in the case of 
the small-scale models and the violation of the symmetry condi-
tions in the case of single-quadrant experiments where the 
neighboring quadrants were missing. Nevertheless, these tests 
produced useful qualitative information and experience with 
manufacturing and testing thin-steel hypar structures. 
The edge members of the umbrella-type specimens were made 
of tubular members since this afforded easy connection of the 
warped surface to the straight edges. The decking consisted 
of single or double layers of standard corrugated panels. One 
layer was connected to the edge ~enbers with sheet metal screws 
at various spacings. The seam connections between the panels 
were also made by means of sheet metal screws. In the case of 
shells with two layers, the top layer was connected to the bot-
tom layer in a similar manner. 
iii 
The medium-scale umbrella models were loaded using air bags 
under each of the four quadrants. The saddle-shaped hypars 
were loaded with sand, whereas the small-scale models were load-
ed through loading pads and suspended weights. 
The following are the principal conclusions of the experi-
mental part of this investigation: 
The effective shear stiffness of the cold-formed deck and 
the rise (or curvature) of the structure are the most important 
factors influencing the behavior of hypars. For low shear stiff-
nesses and for small rise-to-span ratios the deflections may be 
large, the bending stresses tend to increase relative to the 
membrane stresses, and the possibility of deck buckling increases. 
As in the case of flat shear diaphragms, the shear stiffness 
depends strongly on the seam and edge connections. 
The increase in shear stiffness due to the addition of a 
second layer of deck was found to be only about 1/3 if the 
second layer was connected only to the first layer and not dir-
ectly to the edge members. Similarly, the deflections of a 
double-layered shell are more than half of those of a correspond-
ing single shell. If the two layers are interconnected with 
sheet metal screws (on an 8 in. grid in the present saddle-
shaped hypar tests), the deflections are further reduced by 
about 10 to 20%, depending on the rise ratio. 
A particular problem of certain types of hypar structures 
is the deflection of unsupported outside corners (see Fig. 1-2, 
page 212). The membrane shear cannot carry the load over such 
flat corners and thus considerable bending and deflections may 
develop. The tests showed that the bending stiffness of the 
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edge members has a great effect on the corner deflections, in 
fact, they indicate that the design of the edge members in hypars 
with flat corners is usually governed by deflection limitations. 
The measured bending strains in flat saddle shells (rise-
to-span ratio of 1.8), was much greater than the bending in hypars 
with greater curvature (rise ratio of 1/3). The membrane theory 
is insufficient for the design of flat hypar structures. How-
ever, the design of the connections (seam or edge) may be based 
on the shear forces obtained from the simple membrane theory. 
Several single and double layered saddle-shaped models 
were tested under partial loading. Since such loads must be 
carried mainly by bending of beam strips along the deformations 
of single decks, relatively large deflections were noted. The 
deflections under the 8 in. by 8 in. loaded area were about 
three times greater in the single decks than on the double-
layered structures. 
Since the effective shear rigidity of the deck is of para-
mount importance, the effect of curvature (warping) on it is 
an important question. The effective shear rigidity of various 
deck, edge member, and connection configurations are determined 
by tests on flat diaphragms. The comparison of the measured 
deflections for saddle hypars with various rise-span ratios and 
the evaluation of the effective shear rigidities backwards from 
the measured deflections indicated that the shear rigidity is 
reduced by about 20% due to the warping effect. 
The buckling of the deck is one of the design factors. 
For small rise-span ratios and for low deck shear rigidities 
the deck may buckle. As an example, a 12 ft by 12 ft model 
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having a single layer 24 gage corrugated sheet deck buckled 
at a uniform load of 70 psf (see Fig. 6.14). This model had 
relatively stiff edge members (3 in. dia. tubular sections). 
The corner deflections remained linear with increasing load 
beyond the buckling load. 
The buckling load of double-layered structures is much 
larger than that for single deck shells. A model, similar to 
the above but with two layers of 28 gage standard corrugated 
decks, did not buckle up to a load of 145 psf, when the test 
was discontinued. 
The major part of the ~~lytical investigation consisted 
of two finite element approaches for the calculation of deflec-
tions, stresses, and instability. In addition, two simple 
methods were developed for estimating the deck buckling load 
and the buckling of the compression edge members, which would 
suffice in preliminary designs. 
Two types of finite elements were used: curved shallow 
shell elements and flat elements. The details of the analysis 
are described in Chapter III. Both approaches were verified 
by comparisons with existing experimental and analytical results. 
The stiffness of the eccentric edge members were properly 
accounted for in the mathematical representation of the struc-
ture. The connection of the decks to the edge members may al-
low rotation about the axis of the edge members and movement 
normal to the edges dUe to slip at the connections. These pos-
sibilities were also considered in the analysis. 
The instability of the decks was studied with the help of 
the incremental stiffness matrix approach. The effective stiff-
vi 
ness of the system is reduced due to the in-plane forces in 
the deck. The in-plane forces depend on the deflections of 
the shell and to obtain the buckling load, the eigenvalues of 
a large order system need to be evaluated. In the present 
study the load increment at ion method was used instead. The 
effect of the in-plane forces was evaluated iteratively at 
successive load increwents. The buckling load is obtained 
from the nonlinear load-deflection curve, (Fig. 6-6, Page 276). 
The comparison of the results of the flat element and 
the curved element approaches reveals that both give good re-
sults for shells supported around the perimeter. However, the 
flat element method gave better results in the neighborhood of 
unsupported flat corners. 
The analysis of the structures tested in this and in other 
studies confirmed the conclusions of the experimental part of 
the investigation. The stresses in most types of hypars are 
low and the design is usually controlled by deflection or 
buckling linitations. 
The relative stiffness of the deck and the edge members 
is an important factor. For stiff edge members the deck tends 
to bend between opposite edges, whereas in the case of flexible 
cantilevered edge members the shell partially supports the edge 
members. Analysis of a structure including the weight of the 
edge members indicated that this effect may have to be con-
sidered in the design of hypar structures. 
The analysis of buckling of hypar decks showed that the 
buckling load of double-layered shells is three to four times 
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greater than that of single decks. The predicted buckling 
loads compared well with experimental or previous analytical 
evidence. The buckling load does not depend much on pre-buckling 
deflections, however it depends on the axial stiffness of the 
edge members. 
The finite element analysis was also used to calculate 
the deflection of an unsymmetrically loaded inverted umbrella 
structure. The results, which compared well with experimental 
data, showed that these deflections are about four times great-
er than those due to symmetric loading. This increase of de-
flections obviously depends on the type of structure; in this 
case much of the flexibility was due to the bending of the 
central column of the umbrella structure. 
Since the instability a~alysis of hypars by the finite 
element method involves considerable amount of computer capac-
ity and expense, approximate methods were developed for the 
calculation of buckling loads. The buckling of the compression 
edge members was studied by isolating them from the structure. 
The instability of columns loaded by tangential axial forces 
that remain parallel to the member during deflection was evalu-
ated. The results are tabulated in Fig. 6-13, page 284. 
The buckling of hypar decks was also investigated by the 
energy method (Section VI-7. The resulting equation has to be 
minimized to get the critical load; this can easily be done 
with the help of a computer. This approach is much simpler 
than the finite element instability analysis and is preferable 
in preliminary designs. 
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A few buckling analyses of cold-formed hypar shells 
showed that the critical load for double-layers is about three 
to four times greater than a shell with a single deck. 
The finite element analysis computer program will be made 
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GLOSSARY OF TERMS 
Length of hypar quadrant in x-direction, inch. 
Cross-sectional area of the beam, inch2 . 
Area of deck along x-direction, inch2 . 
Area of deck along y-direction, inch2 • 
Area enclosed by the cellular portion, inch2 . 
Dimensions of the i-th quadrant. 
Length of the element in x-direction, inch. 
length of hypar quadrant in y-direction, inch. 
Length of the element in y-direction, inch. 
Rise of hypar quadrant, inch. 
Bending rigidity of an isotropic deck1 1b-inch2/ 
inch. 
Rigidity due to Poisson's effect, 1b-inch2/inch. 
Bending 2rigidity of the deck in x-direction, 1b-inch linch. 
Torsional rigidities of the deck~ 1b-inch2/inch. 
Bending 2rigidity of the deck in y-direction, 1b-inch linch. 
Young's Modulus, 1b/inch2. 
Modulus of elasticity in x-direction, 1b/inch2. 
Extensional rigidity of the deck along the x-
direction, 1b/inch. 
Inp1ane shear rigidity of the deck, 1b/inch. 
Modulus of elasticity in y-direction, 1b/inch2. 
Extensional rigidity of the deck along the y-
direction, 1b/inch. 
Hodu1us of elasticity due to Poisson's effect, 
1b/inch2• 
Inplane coupling rigidity of the deck accounting 




















Shear modulus, Ib/inch2• 
Shear rigidity of deck (=Exyt ), lb/in. 
Effective shear modulus, Ib/inch2. 
Effective moment of inertia of a corrugated 
deck, inch4/inch. 
t 3 
12 ) ~iomeDt of inertia of the deck section, inch4/inch. 
l10ment of inertia of a beam about the y-axis, 
inch4. 
Moment of inertia of a4repetitive deck unit about the x-axis, inch linch. 
Moment of inertia of a repetitive deck unit 
about the li~e of connection parallel to t~e 
x-axis, inch linch. 
Moment of inertia of a beam about the z-axis, 
inch4 . 
St. Venant torsional constant, inch4. 
Bending curvature in x-direction, inch-I. 
Twisting curvature, inch-I. 
Bending curvature in y-direction~ inch-I. 
Stiffness matrix. 
Element stiffness matrix for plate bending. 
Element stiffness matrix for w-displacement. 
Flexural and membrane coupling element stiff-
ness matrix. 
Element stiffness matrix for the curved element. 
Effective stiffness matrix of the supporting 
edge member with respect to the eccentric axes. 
Effective stiffness of the deck after inclusion 
of the instability effects. 
Stiffness matrix of the plate element in the 
global co-ordinate. 
Element stiffness matrix for the flat element. 
k .. 1.J 














Element of the stiffness matrix in the i-th 
rO"l and the j - th column. 
Element membrane stiffness matrix. 
Length of a basic repetitive unit of the deck, 
inch. 
Direction cosines of the local element axes. 
fIoment gbout y-axis, inch-Ib/inch. 
Twisting moment about x and y axis, inch-Ib/inch. 
Moment gbout x-axis, inch-Ib/inch. 
Direction cosines of the local element axes. 
Incremental matrix. 
Incremental stiffness for the flexural displace-
ments (14). 
Incremental matrix for deck in the global co-
ordinate system. 
Element Of the incremental matrix in the i-th 
row and j-th column. 
Force per unit length along the x-direction, 
Ib/inch. 
Shear force, lb/inch. 
Force per unit length along the y-direction, 
Ib/inch. 
Direction cosines of the local element axes. 
Generators of the hypar surface 
Local orthogonal element axes. 
Normal to the hypar surface at point o. 
Load vector. 
UniformlY distributed load, Ib/inch2. 
Reduction fgctor for the torsional rigidity of 
a cellular deck. 
Developed length of a basic repetitive unit of 











Stiffness of the i-th spring. 
Component transformation matrices for the plate 
element. 
Coefficient for torsional fixity between the 
deck and the edge member. 
The coefficient for inplane fixity between the 
deck and the edge member. 
Rotational transformation matrix for the beam 
element. 
Translational transformation matrix for a beam 
element. 
Thickness of the deck, inch. 
Thickness of the base plate in a cellular 
deck, inch. 
Thickness of the hat section in a cellular 
deck, inch. 
Strain energy, inch-lb. 
Strain energy due to bending of deck, inch-lb. 
Strain energy of a beam, inch-lb. 
Average axial displacement of a beam section 
measured at its centroid, inch. 
Strain energy due to the membrane action of the 
deck, inch-lb. 
Strain energy due to the warping of the deck, 
inch-lb. 
Displacement along x-axis, inch. 
Displacements of the i-th node. 
Potential energy of the applied loads, inch-lb. 
Potential energy of the in-plane forces, inch-lb. 
Displacement of the shear center measured along 
y-axis, inch. 
Displacement along y-axis, inch. 














Differenciation of w-displacement with respect 
to x and y. 
Displacement along z-axis, inch. 
x-coordinate of the local origin of a hypar 
quadrant with respect to the global coordinate 
system. 
Cartesian coordinates of the center point 0 
of an element. 
Orthogonal cartesian global coordinates. 
Orthogonal axes other than the global cartesian 
axes. 
Eccentricity of the centroid of the cross-
section of the beam in the y-direction from 
the shell surface, inch. 
Eccentricity of the shear center of the cross 
section of the beam in the y-direction from 
the shell surface, inch. 
y-coordinate of the local origin of a hypar 
quadrant with respect to the elobal coordinate 
system. 
Eccentricity of the centroid of the cross-section 
of the beam in the z-direction from the shell 
surface, inch. 
Eccentricity of the shear center of the cross 
section of the beam in the z-direction from 
the shell surface, inch. 
Derivatives of the surface Z(x,y) with respect 
to x and y. 
Ratio of shear rigidity of a corrugated deck to 
that of a flat deck \'lith the same thickness. 
Warping constant of the deck, inch6/inch. 
Warping constant of a beam, inch6• 
Shearing strain in the x-y plane. 
Generalized displacement vector. 
Generalized displacement at the i-th node. 
w-displacement at the point a. 
op 
e:'e:'y' , 
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Load increment ~sed in load incrementation 
method 1 lb/inch . 
Increment in the displacements due to the 
application of the incremental load OPe 
Strain in x-direction. 
Strains measured along x' and y' axes 
Strain in y-direction. 
Number of interconnected decks. 
Twist rotation of a beam, radian. 
Rate of change of twist rotation, 
radians/inch. 
Angle of twist of a beam at the i-th end, radian. 
Rate of change of angle of twist at the i-th 
end, radians/inch. 
Rotation about x-axis, radian. 
Rate of change of rotation, radians/inch. 
Rotation about y-axis, radian. 
Eigenvalue for the critical buckling load. 
Poisson's ratio. 
Poisson's ratios in x and y-directions respec-
tively for the equivalent orthotropic plate. 
Stress in x-direction, Ib/inch2. 
Stresses measured along x' and y' axes. 
Stress in y-direction, Ib/inch2. 
Shearing stress, lbs/inch2. 
Total potential energy of a system, inch-lb. 
CHAPTEP I 
Il'ITRODUCTION 
1. 1. HYP foR ROOFS 
T~e hyperbolic paraboloid shell rol)f, like any other 
form of shell is one of the types of construction that makes 
efficient use of materials by depending primarily upon the 
form or shape for strength rather than on mass. The doubly 
curved surface of a hypar shell is composed of straight lines 
in two directions (Fig. 1.1). From the construction point of 
view, this property is very attractive. It facilitates the 
use of straight members for formwork and reinforcing steel in 
the case of concrete hypars. This very feature also allows 
the use of light gage steel deck panels, 10Jhich could be easily 
warped to the required deeree to form the hypar surface. 
The hypar surface shown in Fir. 1. 1, can be pener-
ated in two waysl (1) The surface can he defined by moving 
a convex parabola ODC in a direction parallel to itself, over 
a concave parabola BDA. The parabola ODC lies in the plane 
perpendicular to that of BDA. (2) The surfaco can also be 
defined as a warped parallelogram. The surface can be gener-
ated (Fi~. 1.1) by JTlovinr along y-axis, a straight line that 
re~ains parallel to the xz-plane at all tiwes but pivots while 
sliding along the straight line AC. Physically the surface 
can be visualized as a 'iarped parallelo~ram OBCl\, obtained by 
depressing the corner H through a distance CH. By means of 
-8-
similar triangles (Fig. 1.1); it can be easily shOlvn that the 
surface equation is, 
CH PQ = Z = Kxy where K = DB OA x 
Thesur,face is called hyperbolic paraboloid because 
any plane parallel to the xy-plane, intersects it in a hyper-
bola; whereas a plane perpendicular to ODC intersects it in 
a parabola. 
For simplicity, the structural action of a hypar 
can be visualized as a net of intersecting arches and cables. 
The convex parabolas (arches) parallel to ODe carry compres-
sive stresses, ~Thereas the concave parabolas (cables) parallel 
to ADB carry tensile stresses. This implies'that the element 
I is in a state of biaxial stress, compression parallel to 
the arches and tension parallel to the cables. On the other 
hand, the element II is in a state of pure shear. In the in-
terior, the membrane shear is carried by the shell. Along the 
free edges~ stiffening edge members are usually provided to 
sustain the membrane action. These edge members themselves 
carry gradually increasing tensile or compressive forces de-
pending upon the geometry of the structure. 
By the combination of a basic hypar uni t, such as 
shown in Fig. 1.1, different elegant hypar structures can be 
buil t. Four such configurations are shOlm in Fig. 1.2. The 
edge members are provided to build up the membrane action and 
also to stiffen the structure. Ten·sion tie rods are commonly 
employed to balance the horizontal reactions between the low 
corners. 
-~-
Because of its architectural beauty, ease of con-
struction and ability to provide large column-free working 
space, the hyperbolic paraboloid shell has been used for in-
dustrial plants, churches, assembly halls, etc. In Hoynbasa 2 , 
the hypar structure was used as a footing on low bearing capa-
city soil. A 225-feet double cantilever hypar roof is under 
construction at Los Angeles for the American Airlines jet 
hangar. The roof uses a cellular form of deck. This struc-
ture may very well prove to be the forerunner of many more 
similar structures. 
1.2. LITERATURE REVIEW 
Like any other shell, hypars carry load hy both mem-
brane and bending actions. The meMbrane theory, as indicated 
before, results in a state of pure shear. The liFitations of 
this theory were realized by the most investirators and the 
necessity of probing into the bending behavior of the s~ells 
became apparent. 
The shallo,v shell theory of ~~arguerre3 and Vlassov4 
is often used to analyze the bendinr action. Though this theory 
is approximate, it is considered fairly accurate for a shell 
surface where the slopes of the tangents are very small co~pared 
to unity. TNO basic approaches were used to formulate the 
shallow shell theory. 
In the first approach, t\vO fourth-order coupled par-
tial differential equations in terms of normal displacement w 
and Airy-stress function F are formed. ~eissner5 using this 
approach, determined the buckling load of a uniformly loaded 
-If -
isotropic hypar with moment-free rigid edges) with the edge mem-
bers of infinite axial rigidity but negligible bending rigidity 
6 in planes tangentia.l to the shell. Apeland and Popov reduced 
these blo equations to a single eight-order differential eQua-
tion. Using Levy-type boundary conditions ('<lith t,.,o opposite 
edges knife edge supported) they tried to establish the effect 
of edpe disturbances in the sawe way as that for cylindrical 
shells. Their important conclusion was that the effect of the 
edge moment does not die off very rapidly in the case of hypar 
shells. 
The formulation in terMS of widdle-surface displace-
ment u-v-w, results in three coupled partial differential equa-
tions] two second-order (u-v) and one fourth-order (w). Sal-
vadori and Bleich7 using Vlassov's shallow shell equations fol-
lm.,ed this approach. Assuming u=v=O allover the middle sur-
face, the fourth-order differential equation reduced to that 
of a plate on an elastic foundation. 
HmlTever, it must be emphasized that in order to obtain 
the solutions to these mathematically complicated equations, 
siITlplifying assumptions l'.'ere JT'adc. The choice of boundary con-
ditions was dictated by the possibility of ohtaining solutions 
rather than simulating the exact boundary conditions in a phys-
i cal mode 1 . 
The shortcomings of the classical solutions resulted 
in the realization of the importance of numerical approaches 
for the solution of these differential equations. 
Chetty and TottenhaM8 applied a variational method 
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for the analysis of shalloy shell equations (~-F). However, 
the choice of approximating functions liJT'ited its applicability 
to the specific boundary conditions. Besides, non-classical 
boundary conditions presented serious difficulties. 
The numerical scheme of finite difference provided a 
very useful tool in the solution of these equations. Das 
Gupta9 9 ;Iirza lO , Russell and Gerstle ll ,12 using the ~·r-F approach 
applied this method to different hypar structures using mean-
ingful boundary conditions. The edge members were also incor-
porated in their analysis. Everybody usen the classical beaJT' 
theory. Mirza solved an umbrella shell. However, the magni-
tude of the corner deflections obtained for an umbrella shell 
and the boundary conditions used along the line of symmetry, 
raise serious doubts about the validity of the method13 . 
-russel and Gerst.1e12 mainly analyzed two-corner and four-corner 
supported hypars. )lon-dimensionalized design parameters were 
provided. T~e main contribution of their work was to show the 
importance of the line-load along the edge me~bers. Croll and 
Scrivener14 ,15 used the u-v-w formulation. The effect of the 
eccentric connection of the beam to the shell is discussed. One 
of the important features of their work is a complete discussion 
of the convergence characteristic of the solution with relation 
to the relative proportions of the shell and the edge member 
stiffnesses. A comprehensive review of the above mentioned 
method is presented by Brebbia16 . 
The finite element method, which is nothing else but 
the matrix formulation of Rayleir.h-~itz method of variational 
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principle, was successfully employed by several workers. The 
ease with which this method can handle realistic boundary con-
ditions, made this method very suitable for hypars. It is 
also believed that the variational principle used in the finite 
element method will yield better results than the finite dif-
ference method because it involves integration rather than dif-
ferentiation as used in the latter method. 
Connor and Brebbia17 using shallow shell approxima-
tion, formulated the stiffness matrix for a thin shell curved 
element} rectangular in plan. Similar formulations were worked 
out by Deak18 and Parker l9 . Pecknold and Schnobrich20 ,2l work-
ing alonr the same lines, extended the work to the skewed 
shallow shells. All these workers used linear displacement 
field for u, v displacements. The Major difference was the 
displacement field they used for the normal displacement w. 
Deak18 and Pecknold20 both used the Birkhoff-Gara-
17 bedian interpolation formula. Connor used a twelve-term poly-
nowial "rhereas Parker19 used the Lagrange interpolation formula. 
Parker extended the work to orthotropic light gaee steel hypars 
and compared the results with the experiments. None of the 
Refs. 17, 18, 20, 21 mentioned any correlation with experi-
mental results but were content with the comparison to solu-
tions obtained by other numerical methods. 
The buckling and nonlinear analysis of hypars are 
also reported in the literature. Ralston 22 continued 
Reissner's~ work by investigating the buckling of a hypar' 
under its o~m weight. Dayaratnam and Gerstle23 presented a 
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solution to the buckling problem of hypars with edee beams s 
simply supported at their corners. The in-plane displacements 
u and v were assumed equal to zero. A double sine series de-
flected shape was assumed and the total potential energy of 
the system was minimized using Ritz procedure. ~he critical 
load 'vas determ.ined by equating the determinant of the result-
ing matrix to zero. It was concluded that for all positive 
values of the ratio of bending rigidity of the edrre ~ember to 
the deck, the deck buckling always preceeded the edge Me~ber 
buckling. The study in Ref. 19, indicates that for a very flex-
ible edee member, the possibility of overall bucklin~ urior to 
the deck buckling does exist. The erroneous conclusion of ref. 
23 was reached because of two reasons: 
ei) A non-compatible displacement field betN'een the shell 
and the edge beams. 
Cii) In determining the eigenvalue the off diagonal terms 
were neglected. 
These points are discussed at length in Ref. 19. ~\1usl~at24 
studied the buckling of hypars with corrugated orthotropic 
deck. A method for determining the buckling load of the deck, 
considering pre-critical deflections of the entire structure 
\lTas deve loped ~ us ing the energy approach. 
Brebbia and Connor25 presented a consistent finite-
element di5place~ent formulation applicable to the shallow 
shell elements using the Newton-Raphson iteration scheme, by 
linearizing the incremental equation. The load deflection 
curve for fixed hypar , .. as presented. 
A large number of experimental studies have been re-
ported for hypar shells. p. maj or portion of the experiments 
were carried out to measure deflections and stresses on small 
to medium scale models. The results were correlated with the 
approximate theories and by changing the design parameters, 
certain predictions on the overall behavior of the hypar shells 
were made. Rowe and r;irza26 tested plastic Models with two 
adjacent edges fixed and the other two free. The effect of 
rise to span ratio was studied on the free corner deflections 
and axial strains. By changing the depth of edge beams along 
the free edges, it was concluded that by increasing the depth 
of the edge beam both the axial strains and the vertical de-
flections are decreased in the shell portion. Rowe 27 also 
tested medium to small scale concrete models and used unsym-
metrical loading. In order to study the ultimate load carry-
ing capacity of the umbrella sholl hypars, an experimental re-
search program is undenlTay at the Cornell University, l,!here 
synall scale concrete umhrella shells are being tested to 
f "l 65 a1 ure . 
!!uskat24 and Leet 28 tested small scale models to 
determine the buckling characteristics. Leet tested plastic 
models subjected to uniform normal load. The effect of imper-
fection was studied on the fixed shells. Edge beams were used 
to study the effects of different edge conditions on stresses, 
deflections, shell buckling and overall buckling. The effect 
of different boundary conditions was not very pronounced on the 
shell buckling. By studying the effect of different beam 
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sizes Leet concluded that the cross-sectional areas of the 
edge beams have a significant effect on the deck buckling. 
Most of the experiments were conducted with medium 
scale models. Ref. 19 has listed most of them. Bertaro and 
Choi 29 tested an 8' x 8' model. The model with edge beams and 
two diagonally opposite corners supported was chemically pre-
stressed by using expansive cement. The model was tested in 
the inverted position using air pressure loading. Deflection 
profiles, crack patterns, and stresses were presented. 
In the last 8 years or so, the use of light gage 
steel decks as a hypar shell has gained some momentum. 
McDermott 30 tested two 8' x 8' orthotropic light gage steel, 
saddle-shaped (Fig. 1.2b) models. In the first case, the 
steel deck was welded to the edge members whereas in the second 
case the steel deck was glued. The rubberized canvas bags were 
pressurized by water in the first case whereas air was used in 
the second case. He also tested a large-scale model with a 
single layer standard corrugated deck. The edge members con-
sisted of built-up sections. The loading was applied with 
sand bags. Strains and deflections were measured. 
Yu and Kriz 31 tested a concrete inverted umbrella 
shell 24' x 24' in plan, in which upturned edge beams were 
used. The symmetrical and unsymnetrical loading was simulated 
by the discrete loads. The measured strains and deflections 
were presented. 
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Three large scale tests were conducted for hypars 
using orthotropic deck as a shell surface: 
Nilson32 tested a l5'x IS' hypar quadrant with simu-
lated boundary conditions of the adjacent quadrant. A single 
layer of cellular deck was connected to the channels, which 
were used as the edge members, by means of a warped plate. Uni-
form loading '''las applied by 25 jacks. The load deflection curve 
and the measured membrane stresses were reported. 
Two 1 arge scale hypar model s 50' x 30' in plan, '~ere 
tested recently33. Two different cellular orthotropic single 
layer decks were used in each case. 14 WF sections were used 
as the edge members, which were allowed to move freely in the 
plane of the hypar but were supported against the vertical move-
ment. The normal uniformly distributed load was applied by 
creating a vacuum in the enclosed chamber. 
1.3 SCOPE AND OBJECTIVES OF THE PRESENT INVESTIGATION 
The main purpose of the present investigation was to 
determine the deflections, stresses, buckling and collapse loads 
of light gage steel hypar shell roofs and to provide design in-
formation. An analytical procedure was developed so that it 
could be extended to include the analysis of hypars with various 
support conditions as well as hypars subjected to partial loadings. 
The finite element method was selected because of its 
versatility. The entire project was approached from an engineer-
ing point of view. The validity of the method was established by 
comparing the theoretical and experimental results for different 
kinds of hypar structures. 
Two separate computer programs were written, (1) For 
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stiffness analysis; (2) For instability analysis. 
(1) Stiffness Analysis 
A linear elastic analysis of the structure was per-
formed and the deflections, the edge member and deck stresses 
were computed. The program can handle the following variables: 
(a) Different types of orthotropic decks. 
(b) Different configurations of the hypar structure. 
Cc) Realistic physical boundary conditions such as 
eccentric connections of the edge members and 
discontinuity between the deck and the support-
ing edge members. 
Cd) Different loading conditions such as uniform, 
unsymmetrical, line loads, etc. 
(2) Instability Analysis 
A linear load incrementation method was used for the 
instability analysis. The effect of the in-plane forces Nx ' 
Ny and Nxy was included. 
The experimental part of the investigation included 
the determination of the effective shear rigidities of standard 
corrugated decks and the determination of deflections, stresses, 
and buckling loads in inverted umbrellas and saddle-shaped 
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CIIJ'PTEP II 
DECK PROPERTIES 
II. L n~TRODUCTION 
A material in which resistance to mechanical actions 
is different in different directions, is called anisotropic. 
Orthotropy is a special case of anisotropy, where the body 
possesses elastic properties which are symmetric about three 
mutually perpendicular planes. 
Orthotropy can be further classified into two cate-
gories namely, natural and reowetric. The natural orthotropy 
is a result of the material property itself. A classical 
example of natural orthotropy is timber, ,,,here the modulus of 
elasticity, along the direction of its grain in tension, is 
substantially hi£her t~an the corresponding modulus in the 
direction perpendicular to it. 
In the geometric type of orthotropy, the difference 
in elastic properties in the perpendicular direction, as shown 
in Fir. 2.1, is due to the reometrical confiruration of the 
structural element even though it is made up of an isotropic 
homogeneous ~aterial. Different types of decks belonging to 
this category are shown in Fig. 2.2. 
In both the cases, the definition of elastic con-
stants in t,vo mutually perpendicular directions is required. 
However, geometric orthotropy is of particular interest for 
the hypar structure dealt Hith in this ,.rork. 
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In the following analys is the decks, shmvn in Fir. 
2.2, are replaced hy equivalent orthotropic plates, having the 
same physical properties as the decks, such as extensional and 
bending stiffnesses. It is impossible to achieve a complete 
equivalence between the actual physical system and the ideal-
ized orthotropic plate, in all respects such as strain energy, 
deflections or moments at different points under different 
criteria. The properties of the idealized system can be deter-
mined either by equivalence of stiffness or equivalence of 
strain energy between the idea.lized and the physical systeJ'11 34 . 
The equivalence of stiffness is established by equating only 
the deformations between the actual and the idealized system. 
The equivalence of strain energy is obtained by equating tp.e 
work done by the internal forces in both the systems 'vhen sub-
jected to identical loading and boundary conditions. 
The elastic constant for the idealized plate material 
is assumed to be the saJTle as that of the parent material. The 
properties calculated depend only upon the direction consid-
ered and not on the position of the corresponding noint on the 
actual deck. The orthotropic plate theory is applicable to 
the decks, shown in Fig. 2.2, provided the ratio of the dimen-
sions of the repetitive unit (£) and the overall span of the 
deck, is very small, i.e., «1. 
11.2. ELASTIC prOPERTIES OF DECK 
In the case of a geometrical orthotropy, as present 
in corrugated or closed formed decks, in order to calculate 
elastic properties in two mutually perpendicular directions, 
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it is necessary to separate the in-plane membrane and the 
bending action. 
A. MEMBRANE PROPERTIES 
The principal directions of elasticity in an ortho-
tropic deck are those along which the extensional rigidities 
are either minimum or maximum. When the axes x and y coincide 
with its principal direction of elasticity, the equation of gen-
eralized Hooke's law for plane stress-strain 
= ax _ "xy 0' 
can be written as 
EX Ex Ey Y 
-" ~ E=rCJ+r y x x y 
e:LX y -xy eff 
Solving the equations for the stresses we get, 
ax - Ex "xyEx 0 
0' I 
" E E 0 = (l-"xy"yx) y yx y Y 








The terms "xy and "yx represent the coupling effect of the 
actions (stress or strain) applied in two perpendicular direc-
tions. From Fig. 2.2, it is obvious that these coefficients 
("xy and "yx) cannot be equal. For example, consider the 
cellular deck shown in Fig. 2-2c, where a uniform stress 
applied along the bottom plate of the deck in the x-direction 
will produce a negligibly small strain in the y-direction, in 
the hat portion. Whereas a uniform stress applied over the 
entire cross-section along the y-direction will produce a 
-21-
strain in the bottom plate proportional to the waterial con-
t t (P ' ,n') s an \), .. Olsson s ,.atlo . 
Betti reciprocal theorem the following relationship holds: 
E \) = v E = E 
x xy yx Y I 2-3 
As explained by t!:e phys ical behavior above, v
xy is 
equal to v and :he:lce? 
v yx 
E 
= ~ v r: y 
The value of G
eff is given by, 
Geff = CiG 
2-4 
2-5 
where Ct is called the relative shear rigidity factor, the 
value of which depends upon a number of factors. A co~plete 
discussion of Ci, together with a description of the experi-
mental method of determination of Ci, is given in Section 11-3. 
The methods for the determination of constants Ex~ Ey ' vxy 
and vyx ' for both closed and open form decks, are given in 
Appendix A. 
Since the decks are idealized as uniform orthotropic 
plates of constant thickness, it is convenient to express the 
m€JTlbrane stiffness constants and the forces in teTIllS of their 
thicknesses. Vu1tiplying the first rol'! of Eq. 2-2, 
E t Elt 
O'x t x Ex + Ey = (l-vvyx ) (I-v\) ) yx 2-6 
2-7 
2-8 
The other rows can be modified similarly (see Eq. 3-13). 
Depending upon the method of connections the elastic 
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constants, calculated above purely on the basi.s of geometrical 
configuration, thickness and material properties, need modifi-
cations. 
The elastic con stunt Ex for an open deck is given 
by, (Appendix A) 
_ IoE 
Ex - I' 
y 
2-9 
The value of Iy' depends upon the line of application of the 
load. A substantial reduction in the value of Ex results from 
the eccentric connection. The cellular decks (Fig. 2-Zc) are 
usually connected to the supporting meJTlber along the botto)'ll 
plate leaving: the hat portions free. As shown in Fi!!. 2-3, 
the forces applied along the bottom plate will be partly re-
sisted by the vertical sides of the hat. Depending upon the 
joint efficiency betlVeen the hat and the bottor. plate, the 
effective area of the hat section in resisting the forces a y 
will vary. In the absence of the test data, it will be con-
servative to consider the bottom plate only as beine effective 
in resisting the in-plane forces Gy . In the computer programs, 
a provision is made to include the effective width of the web 
plates of the hat. 
B. BENDING PROPERTIES 
The bending ri~idities, n ,D D and Dl , for a ~'x'y' xy 
geometrically orthotropic plate cannot be obtained directly 
from the directional elastic constants given in Eq. 2-2. The 
relationship between the bending rigidities and the moments, 
is given in Eq. 3-16. In the case of a liEht-gage orthotropic 
deck (corruffated or cellular) Dy » 50. :Ox. This property can 
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be used to approxi~ate propertios such as DI and vyx . Since 
the twisting rigidity Dxy is not equal to Dyx (see Appendix 
A), the average of the directional twisting rigidities is 
used35 . 
In the case of an open formed deck there is a 
tendency for the· \.,rarping of the surface. The method of cal-
culatinn the \varping constant r, based on the assumption that 
an individual unit 35 of a plate twists about its center of 
rotat ion is we 11 known 36. HO'I.vever 9 con sidering tl:e plate as 
a ·""hole unit, the -plane of twis ting changes, depending upon 
the distance of a point from the support. The extent to ltrhich 
this warping restraint alters the behavior of the deck is not 
very clear. 
The moment of inertia used for the cOMputation of 
Dy is calculated at t}e centroid of the repetitive section. 
The effect of eccentric location of the ribs or hats in the 
case of decks, on the bending properties is discussed in great 
detail by ~lassonnet and Bar~s37. However its use in practical 
problems is difficult. Due to the local buckled form for high 
·.1 h h· k . f . f 1 39 (F· 2 4) Wlut_ to t 1C ness rat10 or a compress10n ange 19 .. , 
the effective moment of inertia for both deflections and stress 
analysis is reduced. The reduction in the TIlOInent of inertia 
is a function of the stress level. This factor may be of i]11.-
portance in the cellular Cleek. Depending upon this reduction 
of the effective section~ a second analysis of the hypar shells 
J1'lay be necessary though in most cases the stresses are small. 
The procedure of calculating I ~ is discussed in ~efs. 38, 39. 
ee. 
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The mechanisT:' of reduction in bending rigidities due 
to the connection between the different panels is not very 
clear. Experimental results on the determination of these 
rigidities for a continuous single panel have been reported 40 • 
The bending rir,idities Dx and Dxy are particularly affected by 
the discon t inui ties bett-reen connections of different panels. 
ExalT'ination of structural problems solved in this. study shows 
that the magnitude of both these constants (Dx and Dxy) is so 
small for an open formed deck that the reduction even of the 
order of l/IO~ does not affect the results significantly 
«<5% variation). 
The properties for two or more decks placedperpen-
dicularly can be calculated by ad~ing the corresponding direc-
tional constants. 
c. ELASTIC PP0PERTIES FOR ARBITPARILY ORIENTED 
CO - OF D IN ATE P·.YES 
l~hen the structural axes and the principal axes of 
orthotropy coincide, the elastic properties of the deck cal-
culated on the basis of principal axes can be directly used in 
the analysis without any modifications. As explained in the 
Section 1.1, the structural behavior of a hypar can be broken 
up into mutually orthogonal arches and cab les . W~1en the decks 
are placed along the axes of arches and cables (Fig. 2.5), the 
structural axes x and y, do not coincide with the prinCipal 
axes of orthotropy Xl and y'. The elastic constants in terms 
of the structural axes are eXPTcssed by the principle of 't'Jork 
equivalence 41,.~ 2 . The membrane strain energy in t't'10 sys tems 
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of axes can be given by, 
V' = 1:. (1 Ie: I + 1:. (1 Ie: I + 1:. T I 'y I ' 2 x x 2 Y Y 2 x Y x f Z'lOb 
Expressing strains in terms of stresses in both ,~~ sYste~s 
ofaxe~ and equating, 
V' = V 
one can obtain the equivalent elastic constants. 'fr~ eQui-
valent bending constants can be determined by eqJ~t~ng the 
bending strain energy along both axes (Eq. 3-17), {he elastic 
properties for an orthotropic ~aterial in terms O~ ~ny 9 r bi-
trarily oriented co-ordinate axes are given in dC\~~l bi 
L kh ' k" 41 e n1 ts 11 • 
11.3. SHEAR RIGIDITY OF ORTHOTROPIC DECKS 
The shear stiffness of an orthotropi~ f'),~t~, 9 s sum-
ing Nxy = Nyx (Section 111.2 B), is given by t~6 \iP~es~ion 
Exyt = G' = a G nt 2-11 
where n is the numher of interconnected decks, t t& the thick-
ness of each deck and G is the shear modulus ot t~f ~ate~ial. 
Cl is the relative shear rigidity coefficient g:i,,:l~t the l'atio 
of the shear stiffness of the actual orthotroPi? ~Oc~ system 
and the isotropic plates of thickness nt. In tP~ Case of an 
isotropic plate, the vertical load on a hypar i~ b~rtly ~ar~ied 
by the meI'lbrane action in shear and therefore tl~~ ~heat stiff-
ness of the deck is of utmost importance in its ~t{~~t~ral be-
havior. Experimental and theoretical determina~\of Of a 
was carried out by several workers. The fact~t , J~PeOds 
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upon a nunber of factors listed below: 
(a) The different shapes (corrugated sine form, N-type, 
etc.) of diaphragms (Fig. 2.2), show different resistances to 
the in-plane shear loads. The shearing leads produce bending 
and twisting of the corrugations and also set up nembrane 
stresses and shearing strains. On the basis of the assumed 
displacement field of the corrugations, energy stored due to 
each of these above mentioned actions (bending, twisting, etc.) 
is reported in Refs. 43, 44. 
(b) The spacing of the connectors, between the deck and 
the edge members, transverse to the corrugations have a pro-
nounced effect on the value of ,whereas the spacing along 
the directions of the currugations has a very minor effect. 
Flat shear tests on a 26-G. standard corrugated deck, 6' x 6' 
in plan, were conducted in this investigation (Chapter VII). 
T\'IO tests were performed \vi th the connectors between the deck 
and the edge members at each valley and one with the connectors 
spaced over every third valley. The other factors, in the 
above tests, being the same, the value of the shear stiffness 
obtained for the former cases was reported nearly three times 
as large as that of the latter. 
ec) According to Luttrel1 4S , the shear stiffness of a 
panel also depends upon the length along the corrugations. 
Accordion-like warping results due to the connection of the 
diaphragm to the edge menbers. It was found 45 that the length 
of penetration of this warping is independent of the overall 
span of the diaphragm and this warping reduces the shear stiff-
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ness, particularly for short spans. 
(d) According to ~ef. 43~ the seam-slip between the ad-
joining deck panels and the connection of the deck to the edge 
members contributes substantially to the shear flexibility. 
(e) As found in the experiments (Chapter VII), for the 
limited range of thickness of panels studied, the shear rigid-
ity increases linearly \~ith the effective thickness as given by 
Eq. 2-11. However, consideration should be given to the con-
nections between two or more decks and their connections to 
the edge members. The results are reported in Chapter VII. 
The two layers of corrugated decks placed perpendicular to each 
other were connected to the edge me@bers through the connection 
of the lower deck (Fig. 2.6). The additional flexibility 
provided by the lower deck corrugations, reduces the effective-
ness of the upper deck. The position of the screws with respect 
to the direction of the applied shear also affected the stiffness 
of the shear panel. It was found that only 33% increase in Exyt 
was noted for tl/O decks connected as shown in Fig. 2.6, whereas 
the value of nt doubled. 
All the factors mentioned above are important for open 
form decks as shown in Fig. 2.2a,b. In the case of cellular 
decks or stiffened panels (Figs. 2.2c,d) the flat plate of the 
deck is directly connected to the edge members. In view of the 
low shear carrying capacity of the out-of-plane hats, a major por-
tion of the shear is carried by the flat plate. Knowing the 
seam-slip characteristics between the adjoining panels, the 
shear stiffness for the cellular deck can be estimated conser-
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vatively as that of the flat plate. 
The dependence of the relative shear rigidity co-
efficient a on some other factor such as connecticn with the 
intermediate purlins, etc., is discussed in detail in ~ef. 43. 
I 1.4. DETER~~INATION OF THE EFFECTIVE SHEAR 
P.IGIDITY FOR ORTHOTROPIC HYPARS 
The theoretical determination of shear rigidity co-
efficient a, l~as done by equating the Nork done by the applied 
shearing force with the strain energy stored in the deck panels 
due to deformations. In Ref. 43, an excellent correlation be-
t\'/een the theoretical ~'1d experimental results ,,,as. reported. 
Since a major contribution to the shear flexibility was from 
the connect ion between the deck pane Is 43 and the connections of 
decks to the edge members, a previous knowledge of the seam-
slip characteristic is required. Based on an experimental in-
vestigation, the method for the determination of the shear 
rigidity from flat shear test is given in Pef. 45. 
The next question arises as to whether the relative 
shear rigidity determined by the flat shear tost can be di-
rectly used for hypar structures without any modification. To 
correlate the shear rigidity coefficient a determined by the 
flat shear tests and that of the warped deck in the actual 
hypar surface, twelve saddle-shaped hypars~ uniformly loaded, 
'\Vi th tubular edge t1.embers of 3': diameter and !n thicknes's 
(vertically supported all around) were tested (Chapter VII). The 
d b 2ln 1" . b . lower corners were connecte y 2 x 4 tIe ars, In order to 
restrict the horizontal spreading. The tests "lere conducted 
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for both single and double decks '"ith varying rise to span 
ratios. 
It was found that for the lo'wer values of ex «0.12)) 
the center deflection of all-supported hypars was proportional 
to the value of a. Both single and double deck hypars Nere 
tested for three different rise to span ratios (1/8, liS, 1/3). 
The theory developed in Chapter III correctly predicts the 
effect of ex and rise independently on the central defl~ction 
00 (Key Sketch, Table 11.1, 11.2). The value of ex in the 
actual hypar surface was interpolated from the structures 
analyze"t 'with different assumed a values for the constant rise 
to span ratio. 
The results obtained for the effective value of a 
19 are compared \vi th the results given by Parker ,Nho al'slyzed 
the same shells on the basis of plate on an elastic foundation 
(u=v=O) and did not include the effect of the tie bar. For 
both single and double deck, a certain a~ount of increase in 
the value of ex Nas noted for the lo'w rise to span ratio (1/8) 
but with the increase of the ratio, the value of effective a 
reduces. The results obtained by direct interpolation for 
single deck hypars appear quite reasonable (Table 11.1). The 
direct interpolation if applied to the double decks 9 results 
in extremely 10H effective value of ex particularly for the 
ratio of 1/5 and 1/3 (Tatle 11.2). The fallacy in the method 
of interpolation can be explained as f0110"Js: 
All the test results marked with an index (I) (821(1)) 
were the tests ,,,here t\VO transversely placed corrugated decks 
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were inter-connected l'lhereas in the rest of the tests, the top 
deck was connected only along its periphery to the bottom deck 
'<111 i ch in turn was connected to the edge member. The center 
deflections obtained for Case (1) is roughly 20-30% less than 
that where the decks were not inter-connected. In the mathe-
matical model there is a complete coupling between the in-plane 
displacements of u-v and the normal displacement w (see Chapter 
III). Secondly ",hen two decks are 'Placed on top of each other 
in the analysis> the in~plane stiffnesses of the top deck r
xt ' 
Eyt~ Exyt and Elt are assumed to be fully effective in re-
sisting the load. 
In case of the decks only connected at the edges, 
the deviation bet\veen tb.e mathematical and physical model is 
very drastic, and therefore the deflections given by the anal-
ysis are very 1m'". '.~Iith these considerations in viel'], a cer-
tain amount of discretion must be used in estimatine the values 
of a. The results obtained by the analysis were compared with 
the test resul ts • The resultinc reduction in values of a 
can be attributed to the warping of the surface and the deck 
and the edge member connections. These factors are common to 
both single and double decks (Figs. 2.7,2.8). 
~hether the increase in the effective relative shear 
rigidity for the 10\'1 rise to span ratio of 1/8, is an inherent 
behavior of the hypar or whether it is the shortcoming of the 
theory in the region of transition between flat plate and warped 
hypar surface is not very clear. It will be conservative to 
neglect any increase in the value of a obtained from flat shear 
test. The importance of the values of a and the recommended 
reductions are further discussed in Chapters IV and V. 
CiJ\PTEP. I I I 
FINITE ELEI'ENT iT~TH0D FOR STIFFNESS AND SPlESS ANALYSIS 
111.1. INTRODUCTI0N 
As discussed in Chapter I, the solution of the shal-
low shell equation for realistic boundary conditions is an 
extre~ely co~p1icated mathematical pro~osition. This necessi-
tates the use of numerical methods. The finite element method 
l'laS chosen because of its versata1ity in handling realistic 
boundary conditions, different structural confirurations, ortho-
tropic deck materials and any forms of loading, with ease. 
The method has also de~onstrated good convergence character-
istics. 
The finite ele~ent method based on the stiffness 
analysis uses the principle of mini~um potential energy. The 
total potential energy of an elastic system, for a geo~etri­
cally admissible state can be represented by~ 
~ = U + V 3-1 
where U is the strain energy storecl in the system and v is the 
potential energy of the applied loads. Both C and V are ex-
pressed in terms of displacements at the joints of an idealized 
structure. U is a quadratic function of the nodal displace-
TIlent. The principle of the mini!'1un' potential energy states 
that, !'The total potential energy is J11inimur.l) when an elastic 
body is in equilibrium". 









For the linear elastic analysis, these expressions 
can be put in matrix form, 
[P] = [K] [~] 3-4 
The ele~cnts of the stiffness matrix can be obtained by the 
second differential of the strain energy, 
K .. = 
1) 3-5 
In the case of a framc"Tork composed of linear l11C1nbers such as 
beams, struts, etc., the individual ele~ents are connected to 
each other at their nodal points. 1~.Tell-defined boundary con-
ditions at these joints enables one to solve the physical 
proble~ without any difficulty. In this case, there is one to 
one correspondence between the mathcJllatical and the physical 
model. However, in the case of a two-dimensional structural 
medium such as a plate or a shell surface, the discrete ele-
ment approach does not give a one to one correspondence between 
the element used in the matrix analysis and the forces in the 
actual surface. Here the entire structure is idealized into 
discrete elements, curved or flat, connected to each other at 
the nodal points. The displacements of the nodal points are 
interpreted as those occurring at the correspondin~ points in 
the structure. The state of stress and strain inside an ele-
ment is defined completely in terms of its nodal paint defor-
:mations. The success of determininl? the elastic properties of 
an idealized structural element lies in the equivalence estab-
lished between the actual model and its equivalent discrete 
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model. 
The linear elastic stiffness analysis consists of 
four important steps: 
(1) The formulation of the element stiffness matrix. 
(2) The formulation of the master stiffness matrix for 
the entire structure by assembling individual elements. 
(3) The solution of Eq. 3-4 for the given boundary con-
ditions and loading. 
(4) The interpretation of the deflected shape and the 
computation of stresses and forces. 
Two alternative stiffness formulation methods are 
studied here: 
Method 'a': The use of rectangular curved elements, based on 
shallow shell theory. 
Method 'b l : The actual curved shell surface is approximated by 
the assemblage of flat rectangular elements. 
111.2. ELEMENT STIFFNESS 
The elements rectangular in plan are selected. These 
elements are very simple to formulate and for the structure 
under consideration, their limitation of application to the 
rectilinear rectangular boundaries, is not considered to be of 
any serious consequence. 
As shown in Eq. 3-lc, the element stiffness matrix 
can be derived from the strain energy U of an element, ex-
pressed in terms of an assumed displacement field. 
A. DISPLACEMENT FUNCTIONS 





ab [(x-a)(y-b)u1 - x(y-b)uZ + xyu3 - (x-a) yu4] 3-6a 
I v = as [(x-a) (y-h)v1 - xCy-b)vZ + xyv3 - (x-a) yv4] 3-6b 
+ (3aXZ-zx3)(3ay2-zy3)W3+(a3+2x3-3ax2)(3by2_Zy3)W4 
- ax(x-a)3(b3+Zy2_3by2)8Yl-a(x3-ax2)Cb3+2y3_3bYZ)8Y2 
- aCx 3-ax Z) (3byZ- Zy3)8 3-a(x-a)ZX(3by2_Zy3)8 4 
y- Y 
+ b(a3+2x3-3ax2)y(y-b)Z8xl+b(3ax2-zx3)y(y-h)28xz 
+ b(3axZ-Zx 3) (y3-by2)8x3+b(a3+2x3-3ax2) (y3_ by2)9
x4 
2 2 Z 2 + abxy(x-a) (y-b) 8
xyl+abxy (x -axley-b) 9xyZ 
+ abxy(xZ-ax) (yZ-by)6 3+abXy(x-a)2(y2-hY)8 4] 3-6c 
xy xy 
The same functions were used by GallagherSO and 
Yang S1 , but in their studies the x,y cartesian co-ordinates 
were replaced by the more general curvilinear co-ordinates a l 
and aZ. As seen here, the displacement field inside an ele-
~ent is directly expressed as the function of its nodal dis-
placements rather than in terms of undetermined parameters. 
An element, as ShOi'ffi in Fig. 3.1, has six degrees of freedom 
per nodal point and a total of 24 degrees per element. The 
displacements u,v,w,9x ' and 9y have a physical meaning at each 
aZw 
node. The term 9xy represents the t,·rist curvature - Using axay' 
the right cork-screw notation, 
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3-7 
One may also note that the inplane rotation about the z-axis 
is being omitted in this formulation. 
The function for w, normal bending displacement, is 
of the cubic order. The terJYtS correspondine to the degrees of 
freedom w~ ex and 8y are obtained by the cross product of the 
corresponding terms for the beam function in x and y-directions. 
In order to represent the constant strain corresponding to the 
twisting term ~'~~y i. e., the terM 'xy', the additiona.l der:ree 
of freedom in the form of 8xy is added to the displacement. 
The disp lacerncn t functions are g-eometrically sYT'unetri-
cal and include the constant strain and rigid bocy modes for 
the flat plate. It is obvious that the assumed displacement 
fields for u, v and ware not of the same order. Whereas those 
for u and v are linear ,. as stated before, 1,'1 d isplacemen t is 
cubic. If the displacement fields of u and v were of the same 
order as that of w~ eac~ node would have 12 degrees of freedom 
thereby having a total of 48 deerces per element. Besides 
this, the linear edge member elements would have to be given 
the same order of stiffness J1'atrix. The additional degrees of 
freedom would involve more computational work and this effort 
could only be justified if good re~ults~ without sacrificing 
the required degree of accuracy, could be attained with a fewer 
number of elements. 
Any combination of displacements ~Thich can be accomp-
lished ''1i thout strain ing the structure are called rigid body 
disp lacemen t Inodes. These disp lacemen t modes can be cas i ly 
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recognized in the case of linear members or flat plates ",hereas 
their role is not easily recognized in the displace~ent field 
for the curved shells. The assumed displaceJ11ent field does not 
include rigid body motion for the curved element. Cantin and 
CloughS2 used the displacement field for a cylindrical shell 
clement and added the appropriate rigid body motion terms in 
the form of trignometric functions. It was shown that with the 
inclusion of the rigid body motion terms, there was an improve-
t " t h t f rT I .. a 1" s 1 e r an d S t r I" ck II" n 5 3 an d men In e ra e 0 converrence. 
Connor and Brebbia 17, have shmVI1 that inspi te of omitting the 
rigid body motion terms with the refinement of the ~rid Size, 
the convergence is still insured. 
Pecknold and Schnobrich20 proposed the most logical 
method for the inclusion of the rigid body motion terms. It 
~as suggested that these terms should satisfy the ho~ogeneous 
part of the strain displacement relationship used for the 
curved eleMent (Eq. 3-9,3-10). The inclusion of these teTJns 
involves more computational effort but they seeM to have cer-
tain advantages, l'lhich are further discussed in Chapter IV. 
B. CUnVED ELE;~NT 
Strain Displacement ~elationshi~ 
The strain displacen:ent relationship:; used in the 
curved element formulation are simplified according to the 
shallm" she 11 theory. The follm-.ring assumptions are made: 
(1) For a given surface defined by the equation, z=F(x,y), 
the slopes of the surface z,x and Z,y are considered negligible 
in comparison wi th unity. In general, the shallOlV" shell theory 
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will be quite accurate as long as z'x' z, < 1/8, and often y -
accurate enough for practical purposes as long as z'x' Z'y 
~ 1/25; though the second limit could be considered as too 
liberal. 
(2) The sides of a differential shell element, ,~hich are 
orthogonal in the projected co-ordinate plane, are assumed to 
be orthogonal in the plane of the middle surface of the shell. 
In other words, the geometry of the surface is approximated by 
that of its projection on the co-ordinate plane. 
(3) If the equation of the middle surface is of the 
second order as is the case for a hypar, the assumption (1), 
leads to the approxiMation that the curvatures of the surface 
are constant. 
The errors resulting from these assumptions increase 
as the depth of the shell increases. For the shallow hypar 
surface defined by the equation, 
Z - C xy 
-:m 3-8 
the linear strain displacement relationships for the thin 
shells assume the followinr. form 20 ,17; 
The membrane strain displaceMent relationships: 
u x , 
V,y 
2C 
Yxy = U,y + V,X - AB w 













The strain energy for a typical element consists of 
two parts: the membrane and the bending strain energy. 
U = U + U b m 3-11 
The membrane strain energy for an element is given byS4, 
3-12 
The stress-strain relationship for an orthotropic material 
CFi~. 3.2) can be represented by 
lJ ~ Elt 0 €x x ""xt 
Ny = Elt 
..... 0 
€y 3-13 £'yt 
N 
xy 0 0 Exyt Yxy 
The method of cOJ'lputation for the above mentioned elastic con-
stants is discussed in Chapter II. 
Using the strain displacement (Eq. 3-9, 3-10) and the 
stress-strain relationship CEq. 3-13), the membrane strain 
energy (Fir. 3.2) of an element can be expressed as follows: 
1 2 3 
1 b a 2 + E ,2 1] = J J {Extu 'x + 2Eltu,xV ,y rn 2" yt ~ 'y 
0 0 
4 5 6 
+ Exyt [u





- 4Exyt (AB) w [U'y + v'xJ 
9 
C 2 2 
+ 4Exyt (AB) \,1} dxdy 3-14 
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The same strain energy expression is also reported in nef. 19. 
The bending strain energy is given by the expression S4 , 
1 b a 
Ub = -2 !! [~t (-'1 ) +Ir (-v.r ) + 2r' (-1\1 ) ] dxdy 3 -1 5 x 'xx Y 'yy' xy 'xy o 0 
The moment strain relationships (Fig. 3.3) are: 
o 
= o -\<f, yy 3-16 
o o D}Qj - 2",T , . xy 
-
Th b d · . .. b 38 e en 1ng stra1n energy 1S f,1ven y , 
This energy expression assumes that ;'xy = ~'iyX' H01.'lever:; as 
pointed out in the Chapter II, for an open orthotropic dec¥, 
I>ixy =I Pyx and therefore the value of ~'xy riven in Eq. 3-16, is 
to be interpreted as the average value. The energy expression 
3-17 neglects any ener~y stored in the deck Clue to the re-
. d' . d \. S· 1 3S . f stra1ne warp1ng. As p01nte out oy ,m1t~ ,1n an open orm 
deck 7 the twisting moment j'-1 consists of t,·JO parts: ¥'X 
11 = -(2D VI - Erw,XYY) yx yx 'xy 
The warping strain energy is given as, 
U . = 1.. Er \'Jarp 2 
3-18 
3-19 
The omission of this energy term is not considered to be of any 
serious consequence. The stiffness matrix for the curved e1e-
ment is obtained by usin~ Eq. 3-5. The complete stiffness 
matrix is given in Appendix B. 
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c. FLAT ELEr-7ENT 
The stiffness matrix for the flat elements can be 
obtained directly by putting c = 0 in the curved elewent stiff-
ness matrix. The strain displacement relationships for the 
flat elements are the same as those for the curved elements, 
except for the shear strain given by the Fq. 3- Q c. For the 
flat plate~ the last term in Eq. 3-Qc, due to the twist curva-
ture of the hypar surface disappears. The difference bet'tVeen 
the curved and the flat element stiffness matrix can be shm~n 
schematically as follows: 
[ K] [K]~m u m 
v 
[K]curved :: ------- -------- 3-20 [K]bb 
[K]Y 
+[K]bbm 1',T ,)m. 
[K]m 0 u 
v 
[K]flat = ------- -------- 3-21 
0 [IC]bb "t-! 
The membrane stiffness matrix [K] , is obtained from terms 
m 
1 6 of the membrane energy expression Eq. 3-14. This 
stiffness matrix is common to both curved and flat elements. 
The coupling matrix terms [K]bm and [K]bbm are obtained from 
terms 7, 8 and 9 respectively, of Eq. 3-14. These terms 
are zero in the case of the flat elements. The stiffness 
matrix [K]bb' common to both_ types of elements, is obtained 
from the bending strain energy given by Eq. 3-17. 
The stiffness matrix derived for the orthotropic flat 
plate was checked term by term~ with the stiffness matrix for 
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an isotropic plate reported in Ref. 51. To establish the 
validity of the stiffness matrix further, the results for the 
plates shown in Fir. 3.4a,b.c \,IJere ;.:hecked ''lith available class-
ical solutions. For the isotropic plates shown in Fig. 3.4a 
and b, the comparison between the classical solution and the 
stiffness analysis for the center deflection 8B was excellent. 
The error was less than 1% in bot!, cases and the geometrical 
symmetry in the nodal displacements 'vas satisfied. 
The third example (Fig. 3.4c) is of particular in-
terest. The 28-G standard corrugated deck can be considered 
as an extreMe case of orthotropy. Pere the bencinp.- rigidity 
D is 1678 times D. The bending rigidity constants were used y x 
as given in Ref. 54. It is reported in Ref. 19~ that the rec-
tangular elements proportioned in the ratio of their bending 
riridities, in two directions, l,70uld give better results than 
the square elements. A quadrant of the plate was analyzed by 
usin? square (6x6) ele~onts and elongated rectangular (2 x 12) 
elements. The results for (lx30) size elements were also com-
puted but are not reported since there is practically no dif-
ference between these results and those with a 2x12 ele~ent 
grid. The deflection profile across the corrugation is plotted 
in Fig. 3.5. There is practically no differen;.'e (see Table 
III-I) bet\veen the rectan2ular and the square eleJJ1ent solutions, 
a dip in the deflection profile near the support is seen in 
both the solutions. Similar deflection profiles are also re-
ported in Ref. 19. The solutions obtained by the stiffness 
analysis are compared ivi th the classical solutions given by 
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Timoshenko54 in the form of a double sine serh's, for the uni-
formly loaded, simply supported orthotropic plate. 
00 00 
l., = rn1T;x !!TL L L amnsin a sin b 









The first few significant terms in the sine series 
were computed. The comparison of the results is shown in Table 
III-I. Both the classical and the stiffness analysis solutions 
are well within the limits of practical accuracy. 
A strongly orthotropic plate such as the one under 
consideration, priMarily behaves as a plate on an elastic 
foundation. The stiffer beam strip near the support attracts 
more load because of the presence of the plate action. In 
other words, the deflected profile of the plate is the func-
tion of the assumed bending rigidities and does not appear to 
be dependent ~pon the shape of the element (rectanpular or 
square). 
The non-monotonic convergence characteristic of this 
problem} observed in the Ref. 19, is probably the function of 
the decl< properties. This analysis indicates that elel'lents 
~lich are square in plan can be used for the single deck hypar 
structure. 
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11. EDGE PE]'-BEP 
The conventional beam stiffness matrix 55 is primarily 
based on two assumptions: 
(1) The shear center and the centroid coincide~ (ri~. 3.6a). 
(2) The bending of the section takes place about the axix 
of symmetry (Fig. 3.6a). 
In the case of a symmetrical channel (Firr. 3.6b), the 
shear center (S.C.) and the centroid (C.G.) of the section do 
not coincide. "rhen the section is subj ected to a. vertical load 
P (Fip. 3.6c), acting at a distance e from the shear center, it 
not only deflects in the plane y-z but also twists through an 
angle e about the x-axis, passing through the s~ear center. In 
other words, the bending displacements v and w need to be ex-
pressed at the shear center of the section. This observed fact 
was elegantly expressed by Bleich56 and Hoff 57, in the strain 
energy of a beam of arbitrary cross-section. The total strain 
energy of a beam (Fig. 3.7) is piven as, 
Ubb = 21 ; [DI w
2
, +EI v~ +GJe~ +Erhe~ +EAlu~ ]dx 3-25 y xx z -xx 'x ~ 'xx "x 
o 
where, ~'J and v are the displaceJTlents of the shear center (S.C.) 
measured along the axes y and z parallel to the principal 
centroidal axes of the section and u is the average lonpitudinal 
displacement of the section along the axis x measured at the 
centroid (C.G.) of the section. e is the angular rotation of 
the section about the x-axis. 
Neglecting the warping of the section, the conven-
tional beam stiffness matrix can be obtained by assuming the 
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following displacement fields: 
v = 13 [(a3+2x3-3ax2)v1+(3ax2-Zx3)v2+ax(x-a)2eZl 
a 
+ a(x3-ax2)e Z2 ] 
\IT = 13 [(a3+2x3-3ax2)t"1+(3ax2-2X3)'''2-ax(x-a)2e 1 
a y 





Using Eqs. 3-25 and 3-5, one can obtain the conventional beam 
stiffness matrix. 
However, the warping restraint is of practical im-
portance, particularly for thin-walled open sections. To in-
clude the warpinr effect~ the displaceFent field for e is 
assumed to be of the same form as that of v and wS8 • 
e = 13 [(a3+2x3-3ax2)el+(3ax2-2X3)82+ax(x-a)2e~1 
a 
+ a(x3-ax2)e~2] 




The stiffness matrix (l4x14) for this member can be 
directly obtained from Table 111-3 by substituting Y = Z = 
c c 
Y = Z = 0 The additional degree of freedom (8 ) intro-s s . xy 
duced, does not present any problem. If the beam shown in Fig. 
3.8 is attached to a shell surface or a plate along the line 
passing through the shear center, one can easily find the cor-
relation bet\'leen the degree of freedom for the plate and the 
beam. 
e = e 
x 
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and e' = e x xy 




plate and the beam element can be connected to each other with 
a one to one correspondence in the nodal degree of freedom. 
E. ECCENTRICALLY COI~NECTED NON-CmiPATIBLE 
SUPPORTING EDCE r~r~ER 
The above mentioned matrices can be used only in the 
case of non-eccentric loads or concentric connections of the 
edge meMbers to a shell or a plate surface. In practice, con-
centric connections between the supporting edge roe~bers and a 
shell or a plate are seldom possible (Fig. 3.9). The eccen-
tric connections modify the effective stiffness of the support-
ing !!lembers. The modified stiffness for the non-compatible 
edge ~ember can be obtained by the use of simple linear con-
gruent transformations similar to the one suggested in Ref. 59. 
The difference between the compatible and the non-compatible 
eccentric ~embers is discussed in Appendix E and the relevant 
stiffness and incremental matrices for the compatible element 
are given in Table £-1 and E-II. The linear transformation 
assumes that the beam bends about its own neutral axis (Fig. 
3.10). 
1 0 0 0 .z c -y c 0 u 
1 0 7 ~ 
. 5 
0 0 0 v 
1 .. y 5 0 0 0 \.., 
[>']5 = 1 0 0 0 8 3-29 
x 
1 0 0 8 
Y 




o [AJ s 
-
3-30 
The effective stiffness of the edge ~ember can be given as, 
3-31 
Similar stiffness matrices were independently de-
rived in Ref. 21. The stiffness ~atrices, with t~e linear 
variation and the non-linear variation of the t''list. angle are 
given in Table 111-2 and 111-5 respectively. The convergence 
characteristics and the accuracy of the stiffness Matrices, was 
checked by scHving three cantilever beams (Fi!!. 3.11). Only 
axial (Fig. 3.lla) and bending (Fig. 3.llb) loads were applied 
eccentrically to the beam. All displacements were computed 
along the line PQ (Fig. 3.11). T~e deflections and the twist 
angle at the free end Q, l'rere compared with classical solutions. 
As it can be seen, the convergence in all cases is insured and 
the results for the case of six eleMents are within 0.2% of the 
classical solutions. T}1.c loading I I Nasapp1ied to t't'!O cases: 
IIa) Free torsion with a linear variation of twist. lIb) In-
cluding the ~arping restraints at the fixed end. The classical 
solutions for the case lIb, l"ere obtained froM the !tef. 60. 
The convergence in case of the restrained ~arping is slightly 
s lower than in the case of free tors ion. The influence of in-
eluding the warping degree of restraint can be seen from Fig. 
3.13a. The free end deflection 00 in the case lIb, is about 
63.5% of the deflection obtained in the case IIa. 
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F. ELASTIC SPRING8 
In order to simplify the mathematical solution without 
undue loss of generality, certain structural elements are ideal-
ized in the for~ of concentrated spring stiffnesses. For ex-
ample, the central column in the case of an umbrella shell, if 
idealized as a physical member with its end points, will not 
only create an additional node point for the master stiffness 
matrix but vrill also disrupt the regularly arranred gri(1 pattern 
and will warrant a modification in the entire assembly routine. 
In order to avoid this, the stiffness of the column can be 
idealized into six discrete springs accountin£ for its axial, 
shear, bendtng and t"risting stiffncsses (Fig. 3.14). These 
stiffnesses are given as, 
SHY --a 
l2EI l2El z v S S GJ SSY = --a-L~, SZ = a ; T = a 
3-32 
These spring constants are added alonr the main dia-
gonal elements of the master stiffness matrix. This idealiza-
tion is not ah"ay') satisfactory. In Fig. 4.1 1 a tension bar 
connecting the 10\'Jer corners of the saddle shaped hypars are 
replaced by four springs in the u and v directions, two at each 
corners f and b. This idealization eliminates the interaction 
between the nodes f and b. The validity of this approximation 
can only be assessed by engineering judgeMent. 
111.3 I:ASTER STIFFnESS ;~ATRIY. 
The stiffness formulation presented so far is for an 
individual element. The total stiffness of the structure is 
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developed by the assemblage of these individual elements. The 
t'\V'o different methods ('a' and 'b'), mentioned in Section 111.1, 
differ in the formulation of the stiffness matrices. 
a) Curved Element 
The element stiffness is formulated by using an ele-
ment of the same shape as the shell middle surface (Refs. 17, 
19,20) . H01-leVer, the fact that the shallo", shell assumptions 
are made in this formulation, should not be overlooked (a point 
"ltJhich is discussed at lenrth in Chapter IV). The assumed 
shallOt~rness of the shell does not warrant any form of co-ordin-
ate transformation. The strain displacement relationships 
giv£n in Eqs. 3-9 and 3-10 are based upon the displacements u, 
v ~ and \v ,.1hich are measured along the tangent and normal to 
the surface. 
b) Flat Element 
The middle surface of the shell is approximated by a 
series of flat plates. The geometrical approximation of the 
actual surface needs three important steps: 
(1) Definition of Surface -
As pointed out in Chapter I, different hypar struc-
tures can be built with various combinations of the basic units 
(Fi~. 1. 2). It is necessary to express the equation of the 
generated surface with reference to the chosen global axis. 
The general equation of a structure using the hypar units can 
be expressed as, 
Figs. 3. lSa and 3.1-Sb S-hO"1 tl-V'O structures and also give the 
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values of the constant, defining the surface equativn for each 
quadrant. In Fig. 3.15b, points P,Q,R,S are the local origins 
of the quadrant surface. x' and y', are the local co-ordinate 
axes passing through the local origins. 
(2) Element Size -
For shallow shells~ the size of the element can be 
approximated with the size of a rectangle projected on the co-
ordinate plane xy (Fig. 3.16). For example, the size of the 
curved element PQRS is approximated by the projected element 
A better approximation for the size of the element 
PQRS can be made by calculating the actual lengths PQ, QR, etc., 
and using a rectangle P'Q'R'S', of an equal area. For the 1m., 
rise to span rat:Lo (~l/S)~ the error introduced by using the 
projected. element is very small (2-3%). To take advantar:e of 
. this fact, a provision is made in the computer program to 
choose betwe~n the above mentioned approaches. The difference 
in results when using these tl'1O methods was about 10% for the 
structure shmvn in Fig. 4.3. The computation of the exact 
lengths gives different stiffness matrices for each element. 
(3) Co-ordinate Transformation -
It is not possible to generate a smooth curved sur-
face by using flat elements Nith rectilinear boundaries. This 
results in gaps and non-compatibilities between the adjacent 
elements forming an idealized uneven surface (the picture of 
the idealized surface is left to the imagination of the readers). 
Such gaps and discontinuities occurring at the boundaries of 
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adj acent elements j have been knmvn to produce undesirab Ie and 
.. d 1 f f h 11 fl' 61· l' h non-exIstIng no a . orces~ or s e s 0 revo utlon , WllC 
had significant effects on the solutions. However, no such 
noticeable difficulty was encountered in the solution of shallow 
hypar shells. The solutions obtained for these shallow shells 
did not s1101,\1 any necessity of placing local tangential ortho-
gonal axes at each nodal point. 
In writing the master stiffness matrix and the overall 
equilibrium equations, local nodal axes can be chosen. Instead 
of these, a simple and approximate approach is used. A plane 
tangent to the surface is dravm at a point 0 (Fig. 3.17). The 
most logical point for the tangential plane is the center of 
the element. In the case of u~brella shells, the flat portion 
near the free corner shows a pronounced hending action. To 
estimate this bending action conservatively, the tangent planes 
lvere drawn along the horizontal lines PQ and PS instead of at 
the center point 0 (Fig. 3.17a). When using the corner point 
transformation, one has to exercise proper care to retain the 
symmetry of the solution. For a large number of elements, both 
methods should give about the same results but the corner point 
transformation is more cumbersome and therefore it is not used 
in the analysis . 
. In Fig. 3.l7a, the line OZ' is normal to the surface 
\vhereas ox·' and 0Y' are generators of the surface. The direc-































As discussed in connection with the shallo',' shell 
assumptions, the angle between the renerators OX' and OY' is 
not equal to 90°. Hence a new set of mutually orthogonal axes 
02, oi, and oi are obtained, where OZ coincides with OZ'. The 
procedure for obtaining the direction cosines of OX, oi and 02 
is a simple application of the three dimensional solid geometry 
( Fig. 3. 1 7b) . 











The in-plane rotation 8
z 
is omitted. From the matrix [A]2 it 
can be seen that 6
xy the additional degree of freedo~ is trans-
formed frow the local to the global axis in tJ'le same way as 1" 
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except for the assumption that there is no coupling bet'ie.,'n the 
rotation 6
xy and the rotation ex' 8y ' This transformation can 
be viewed as an approximation. 
The master stiffness matrix for the shell surface, 
uSing method "b' (see Section IILI) is completed by transform-
ing each and every element stiffness from its local axes (OX, 
Oy~OZ) to the respective global axes (OX,OY,OZ). Depending 
upon the direction cosines of the local axes of the individual 
elements, every coefficient of the transformed element stiff-
ness matrix can have a non-zero value, i.e., there is a coupl-
ing between U t v, and w displacements, expressed in terms of 
the global co-ordinate. 
Beam Element 
The co-ordinate transformation given by Weaver55 , to 
transform the stiffness of the beam element from the local to 
the global axis is used. The transformation matrix ,.,i th a minor 
modification to suit the problem at hand is given in Table 111-4. 
After orienting the axis x of the member, it is also necessary 
to define the orientation of the principal axes y and Z, since 
the stiffness of the beam element is expressed in reference to 
its principal axes. The angle B defines the orientation of the 
principal axes. The definition of the angle e is given in Ref. 
63. (Fig. 3.18). 
For the method 'a', using the curved element, the 
~tiffne.ss of the edge members is added without any co-ordinate 
transformation. For method 'b', using the flat elernen~s, the 
edge member stiffness is added with a proper co-ordinate ttans-
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formation as given in the Table 111-4. 
lII.4 LOADING 
A uniformly distributed load acting on a rectangular 
element can be replaced by statically equivalent loads of 
equal intensity acting at each nodal point. This procedure is 
acceptable if the size of the eleMent is small. 
The al ternati ve approach knmvIl as the Nork equivalent 
load is based on the equivalence of energy. The nodal forces 
are so assigned that during any virtual displaceMent the work 
done by these forces is equal to the corresponding work done 
by the actual distributed load. 
The work equivalent nodal loads for the rectangular 
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The nodal loads associated ~ith 8
xy de~ree of freedom 
do not have any physical significance. The ~oment Mx is 
associated Ni th 6y degree of freedom ,.!hereas the moment My is 
associated with 6
x
' For an interior point, the work equivalent 
load reduces the static load for uniformly sized elements. The 
effects of the nodal moments cancel out along the boundaries 
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whereas they add up in the direction normal to the boundaries. 
All throughout this work, work equivalent lodds are used for 
unifor~ly distributed loading. 
In the case of a uniform load acting nor~al to the 
surface, statically equivalent projected uniform load is cal-
culated. The work equivalent nodal loads then calculated for 
the ~odified load intensity are directly applied to the struc-
ture, in terms of the global co-ordinate axis without any 
transfoTITJ.ation. TI'is is again an approximation. /\ more 
accurate method of determining the nodal load would involve a 
co-ordinate transformation from the local to the global axis. 
Besides the uniformly distributed load, a concen-
trated force or moment can be applied to the structure by 
specifying the magnitude of the load at the corresponding de-
gree of freedo~ in the load vector. 
111.5 BOUNDARY CONDITIONS 
The boundary conditions for a structure can be 
broadly classified into two categories: 
(1) Force boundary conditions. 
(2) !)isplaceJl'cnt houndary conditions. 
In the conventional stiffness analysis, the latter can 1:e 
easily satisfied whereas the former can be satisfied only in 
the variational sense. A detailed discussion of this point is 
reported in Ref. 21. 
The typical boundary conditions for the edge "There 
x is constant, are: 
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Boundary 
ex Conditions u v w ~. xy 
Hinge 0 0 0 0 
Knife-edge 0 I) 0 
Fixed 0 0 f) 0 (I o 
Free 
Symmetric 0 o o 
For the free edge, no displacement poundary con-
ditions are specified. All the boundary conditions are applied 
\\1'i th respect to the global axes. The boundary condi tions for 
the tnvmber PQ (Fig. 3.19), '-Thich was supported vertically but 
allowed to slide along its length, should be specified in terms 
of the local axes x, y and i but instead they : arc specified 
in terms of the axes x, y and z. This is an approximation and 
the error due to this will increase with the increase in depth 
of the shell. The procedure to express the bo~ndary conditions 
- - -ln the local axes x~ y, z is given in Ref. 62. 
The connections of the edge members to the deck 
present a problem in expressinr the correct boundary conditions. 
Two non-compatible boundary conditions are sho1m in Fif. 3.20. 
In Fig. 3.20a, the deck bends freely without twisting the edge 
member. This moment-free deck to edre ~ember connection is 
quite common in practice. The open-form decks are discretely 
connected to the edge members whereas the close form decks are 
connected only along their bottom plates (Fir. 2.2). In both 
cases there is no transfer of moments bet~.,een the edge member 
and deck. 
The other type of discontinuity can result in the rela-
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tive displacement betHeen the deck and the edge member, normal 
to the boundary (Fig. 3.20b). This type of a connection can 
result because of an oversized hole, loosely connected screws, 
or due to tearing of the deck. Depending upon the continuity 
achieved between the deck and the edge members, different 
values of fixity coefficients are used. Tr and TH represent 
the torsional and the horizontal fixity coefficients, respect-
ively. 
In the case of the moment-free deck to edge member 
connection, TF ~ o. The edre meJT'ber stiffness matrix is modi-
fied by multiplying the columns and rows corresponding to the 
twisting degree of freedoms (ex and 6xy) by TF. 
The problem is furtter complicated by the eccentric 
connections. As shOl·.1Jl in Fig. 3.2Ia, even with a discontinuity 
of the rotational degree of freedom, twisting can still be 
introduced in the edge member because of eccentrically trans-
ferred vertical or horizontal load. This problem is not solved 
satisfactorily. By the wethod of fixity coefficients, the 
twisting action introduced by these eccentric forces is elimin-
ated. There is no moment transfer when t,.,o elements are inter-
connected by means of hinges and this results in the local re-
lease of the melTlber forces. This forlT'ulation does not include 
the effects of these releases. The details for the incorpor-
ation of these local member releases are given in Pefs. 62 and 
63. 
111.6 SOLCTIONS OF EQeATJONS 
The equation 3-4, relating the applied nodal loads and 
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the generalized nodal displacement can be solved. To obtain 
the displacement vector, 
[6] = [k] -1 [P] 3-39 
The inversion of the large matrix [k] not only re-
quires a very long time but also needs a large stora~c space 
in the computer. The structural matrices are usually well 
banded about their main diagonals and are also symmetrical. 
Banavalkar \'Irote a subroutine which stores only the half band 
of the matrix in a vertical fashion (Fig. 3.22). The equations 
64 are solved by the Gauss-elimination scheMe . With the limi-
tation of the available core size and the computational cost, 
a total of 486 equations with a maximum half band width of 66, 
were solved for a normal problem (64 square elements). The 
rectangular matrix of 486x66 \lJ'as forr.-led and stored in the 
computer. 
However, there are problems where the structural con-
figuration destroys the c1ose-bandedness of the matrix. For 
example, the tension-tie connecting the lower corners band f 
of the hypar (Fig. 4.1), creates sparse entries in the stiff-
ness matrix (Fig. 3.22c). In ;uch cases, instead of revising 
the entire solution procedure, the structural element is ideal-
ized in t~e form of discrete springs (see Section III.2F). 
111.7 STRESS ~~ALYSIS 
Since the main aim of the project is to establish the 
behavior of the hypar shells, the physical interpretation of 
the computer results is very important. The deflections, as 
well as the stresses in the different structural components 
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such as deck, edge me~bers, etc., represent the physical be-
havior. 
In the finite element analysis, the generalized nodal 
forces are related to the stresses. But because of an error of 
discretization and applied joint loads, the resulting nodal 
forces for the adjoining elements show deviations. In order to 
obtain some form of average stresses, the element forces are 
calculated at the mid-point of an individual element. 
A. DECK STRESSES 
The deck stresses are calculated at the center point 
of an individual element. Depending upon the choice of method 
of analysis, method 'a' (curved elements) and method 'b' (flat 
elements), corresponding strain displacementrelationsh~ps are 
used at the center point (see Eqs. 3-9, 3-10). The forces }1 
x' 
Ny and Nxy and the moments Mx and My are calculated per unit 
leneth. For the complete derivation of these forces, see 
Appendix C. The major difference bettveen the computation of 
stresses for a curved and a flat element is that in the case of 
the former, consistent \'li th the shallow shell assumption (see 
Section II1.2B) displacements tangential and normal to the sur-
face can be used directly. But in the case of flat elements. 
the displacements obtained in the global co-ordinates are trans-
formed into the local co-ordinate axes (see'Section 111.3) and 
the relevant displacements in the local co-ordinate axes are 
used. The difference between the strain-displacement relation-
ships for the curved and the flat elements was already shown 
in Section lII.2B. 
It must be realized that the forces are calculated on 
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the basis of orthotropic plate theory liliich can be considered 
as an approximate mathematical idealization. The forces cal-
culated per unit length are multiplied by the lengths of the 
basic units (Fig. 2.2). In the case of a uniforroly loaded 
structure, this wethod can be considered to be fairly accurate. 
For the light gage sections ''litt high width to thickness ratio 
of the individual components, the effective led of the section 
and the location of the neutral axis need modification in 
accordance with the level of the load (Ref. 38). 
The stresses calculated do not include the local 
bending behavior. For example, the bottom deck plate AB bends 
locally between the vertical web plates of the hat (Fig. C2 of 
Appendix C). The problem of deviation between the mathematical 
and the physical behavior of the orthotropic deck is dis-
cussed in detail in Refs. 46,47. 
B. BEAM STRESSES 
The nodal forces calculated in the loc~axis of the 
beam can be directly used to calculate the beam stresses. The 
method of calculation of stresses for the concentrically con-
nee ted beam T1ember is we 11 knm~rn. 
The imaginary forces calculated alon? the line PQ 
(Fir. 3.11). are to be transferred to the shear center and 
centroid to calculate the relevant stresses. Tte cea~ forces 
[P]b can be calculated by, 
[P)b = [T]! [K] [T]p [t.] 3-40 
The pre·multiplication of the ?lobal displacement 
[~], by [T]~ (Table 111-4), transforms the global nodal dis-
placements to the local axes whereas the pre-multiplication of 
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[K] [T]R [~] by [T];. transforms the forces to the shear center 
or the centroid of the beam. 
Because of the mathematical idealization, certain 
difficulties are encountered. A beam with an eccentricity in 
the z-direction is shown in Fig. 3.23. The variation of tl:e 
axial forces is shown in Fie. 3.23b and 3.23c. Since the forces 
are balanced at point 0, the axial fotce also contributes to 
the equilibrium of the moments at point o. This results in the 
inequality of the Moments along the axis of the beam PQ~ The 
problem become~ particularly critical in the case of rapidly 
changing axial force and a deck '''ith strong bending rig~di ty 
(e.g., concrete hypars). No suitable solution is found for 
this prohlem as of thism6mcnt. In the absence of definite 
guidelines, the deflected shape of the structure should be used 
to decide the sign of the moment. 
Experience shows that the bigger of the two reoments 
(MBp or M5Q) is always in conformity with the correct deflected 
shape of the beam. The difficulty experienced in computing the 
stresses of an eccentric edge member is one of the shortcomings 
of using the nodal points only along the shell surface. 
The results obtained by this stiffness analysis are 
compared with experimental and the available solutions in the 
literature in Chapter IV. 
CJTAPTrr IV 
A GENERAL Cm'PAPATIVE STUDY 
IV.l Ii~TRODUCTI0N 
As discussed in Chapter III, two FethoGs "'ere used 
to analyze hypar shells: method 'a', uses rectanrular curved 
elements based on the shallow shell theory; whereas method 'b' 
approximates the actual shell surface by using a series of 
flat rectangular elements. The solutions of selected nroblerns 
are presented here with three purposes: 
(1) To substantiate the use of the finite element Method, 
hy method 'a' only, by comparinr the solutions for problems 
for 'I!hich analytical or other numcrical solutions are available 
in the literature. The comparison for flat plates and linear 
beams are already prcsented in Chapter III. 
(2) To compare the solutions obtained by I1"cthods 'a' and 
'b', for typical hypar structures. The cowparison is done pri-
marily ' . rith a view of assessin/! their suitability in applica-
tion to the practical problews and also t() find out their 
shortcomings and limitations. 
(3) To compare the analytical solutions with the experi-
mental results obtained by earlier workers. The details of 
the structures analyzed are given in Table IV-I. 
All the analytical results are further used to study; 
to a liMited deRree, the effects of different structural nara-
meters on the behavior of hypar shells, such as relative shear 
-61-
-62-
rigidity factor Ct~ rise to span ratio, etc. The effects of 
these parameters are further discussed in length in Chapter V. 
IV.2 COPPARISON OF flETHOD ~ WITH OTHEr NUT'''EPICAL SOLUTIONS 
Connor and Brebbial7 presented the .centerline deflec-
tion profile for a saddle shaped hypar structure (Struc. '1', 
Table IV-I), with clarrped boundaries all around. Th~ir results 
were based on exactly the same procedure as used in this study. 
The only difference is that they used a l2-term polynomial for 
the normal displacement w, whereas this approach used the l6-term 
displacement function as given in Eq. 3-6c. Fig. 4.6 shows 
the results obtained by the author. For the grid size of 8x8, 
the deflection profile along the line oa is similar with the 
one reported by Connor and Brebbia17 . The deflection·prof1le 
along the diagonal ob is also plotted to check the sYlT'!T1ctry of 
the solution. 
The convergence characteristics of the solutions are 
checked by refining the grid size for the above mentioned 
structure. As seen in Fir. 4.7, the convergence for the center 
deflection at point 0 (Fig.4.l) is !l1onotonic and rapid. By 
refining the grid size from 6x6 to 8x8, an improvement ~f' only 
2.3% is obtained in the rcsul t. 
Pecknold and Sc1nobrich20 presented the centerline de-
flection profile for the same type of a structure, with the 
perimete·r knife'-edge supported (Struc. '2'). As pointed out 
earlier, they used the Birkhoff and Garabedian interpolation 
formula for w displaceMents. Besides that, the complete rigid 
body modes of displace]TIents were included by solving the homo-
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geneous part of the strain displace~entrelationships given in 
Uq. 3-9. The inclusion of the rigid body motion terms des-
troyed the interelement compatibility and put additional re-
straints on the in-plane displacement fields of u and v. 
u = Feui) + Flew) 
v = F(v i ) + FZew) 
4-la 
4-lb 
The displacement functions Fl(w) and FZ(w) are the 
results of the solution of the homogeneous part of the fq. 
3-9c. Pecknold and Schnobrich compared thejr solution with a 
Navier-type (double sine series) solution, for which 50 terms 
. h d" . 1 d d20 ln eac lrectlon were Inc u e . The deflection profiles 
along the center line oa and the diagonal ob, obtained in this 
study (grid size 8x8), are shown. in Fip. 4.8. The central 
deflection obtained in this manner differs by +0.2% from that 
-3 
obtained by the series solution (9.l8xlO inch.); wrereas it 
differs by approximately -1% from the finite element solution 
of Pecknold and Schnobrich. 
The solutions obtained by method 'a' for both Struc. 
'1' and 'Z' mentioned above, are considered to be quite good. 
IV.3 COLPJ'.RISON OF j-fETHOD 'a' J\'ND r'ETHOD 'b! 
Both structures solved hy method 'a', were solved 
again by using method fbi. The deflections obtained by the two 
methods usinr the grid size of 8x8, are shown in Table IV-3. 
Methods 'a' and 'bl show similar deflection profiles along both 
the center and the diagonal lines oa and ob respectively. The 
central deflection obtained by method 'b' for both structures 
is on the higher side, as compared with the one obtained by 
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method 'a'. For Struc. '1', the difference in the central de-
flection is about O. 8~; "Thereas for Struc. '2' 1 the d~fference 
is about 1.30 9ii. The central deflection for Struc. '2' is only 
0.5% on the higher side of the deflecti~n obtained by Pecknold 
and Schnobrich. 
The correlation obtained by methods 'a' and 'b' is 
excellent for these t¥o structures. However, it wust be 
pointed out that both of these struct~resl taken from refs. 17 
and 20, are supported all-around. 'From the practical point of 
view, these structures are only of academic interest. The 
boundary conditions such as free edges, encountered in an UITl-
brella shell (Fig. 4.2), provides a more critical test for the 
comparison of the different P!ethods. 
It was not practical to compare ynethods 'a' and 'b' 
for all the examples, therefore only a selected number of struc-
tures ~!ere chosen for cOMparison (Struc. '6' and '9' 'tvere 
used). Struc. '6' is a swall scale concrete model. In this 
structure, the stiffening edge members are located eccentri-
cally ~ on top of the shell. The idealized edge members are 
considered eccentric only in the z-direction (see Fies. 4.2 
and 4.5). 
Struc. '9' is also an umbrella shell hypar with 28-G 
double layered standard corrugated decks placed perpendicular 
to each other. Here the edge member is connected eccentri-
cally to the deck with the deck on top. In the case of Struc. 
'6' there is full fixity between the edge member and the shell, 
l'lhereas in the case of Struc. '9', the connection bet,,,een the 
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deck and the edge member is moment-free. 
The comparison of the deflected profile obtained by 
methods ' a' and I b' .mJ. the corresponding deflected shapes are 
presented in Fius. ~-' 4.13 and 4.23. Comparing the solutions ob-
tained by methods 'a' and 'b' for Struc. '9', it is obvious 
that the method 'a' underestimates the free corner deflection 
5b . Method 'a' gives a good correlation between the theory and 
experiment for the deflection 5
a
. 
The deflection profile obtained by method 'b' for 
the edge member ab~ where a major portion of the load is car-
ried by the bendin~ action, is very good when co~pared with the 
experimental results. The relative deflection between the 
points a and b according to experiments is 1.2 inc~es, method 
'b' giving a rela.tive deflection of 1. 0 inches; ""horeas that 
predicted by the method 'a' is 0.73 inches. 
A distortion in the deflected profile for the member 
ab and the underestimation of the relative deflection between 
the points a and b, results in the underestimation of the bend-
ing and the total stresses at the point a. The bending stress 
at point a by method 'a' is 8.44 ksi, whereas that by method 
'b' is 17.14 ksi. The total stress at the point a by method 'a' 
is 12.50 ksi, whereas by method 'b i it is 19.90 ksi. The cor-
ner deflection 6b and the stresses at a (Fig. 4.2) are of a 
great practical significance for a designer, from both the choice 
of edrre J11eJl'l~er sizes and the overall bel'avior of the hypar 
structure. 
Another i~portant shortcoming noted of the method 'a' 
is that the statical check for the total vertical load is not 
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satisfied at the column. Because a very flexible deck was used 
f6r the shell surface, the deck could not transfe~ a substantial 
amount of load near the column and the resultant axial component 
and the vertical shear in the edge member oa should sum up to the 
total applied vertical load; 'only 73% of the total vertical load 
is accounted for by method 'a' whereas 98% of the applied load 
" 
is ~ccounted for by meth6d 'b'. T~ii discrepancy of the statical 
check "las also noted when working with 'the computer program formu-
lated by Park~rl9. 
In the case of Struc."6', the deflection profiles obtained 
by ~ethods'ia' and 'b' along the compression member are reason-
ably close. However, these two ~ethods give entirely different 
deflected shapes along the tension member abo According to 
method la', the point b (free corner) instead of deflecting 
downwards relative to point a, it deflects upwards. The same 
difficulty was also encountered regarding the corner deflec-
tion when using the computer program of Ref. 19. Because a 
part of the load near the column is also carried by the con-
crete shell, the thickness' of which is quite comparable to the 
depth of the edge members oa and oc, it is difficult to figure 
out the statical check for the total vertical load. 
The corner deflection of Struc. '8', which is identical 
to Struc. '6' except- for the fact that the edge members are 
downturned, was found to be quite low when analyzed' by the 
, . 
method of Ref. 19, as compared with the experimental results. 
Briefly, the shortcomings of method 'a' can be summarized as: 
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(1) The method underestimates the deflection of the free 
corner of an umbrella shell where the shell surface degenerates 
almost to a flat plate. 
(2) The prediction of the deflection profile along the 
eccentrically connected tension Members ab and bc is not con-
sistent and leads to the underestiIPation of the bending and 
total stresses in: rhe edge TIlembers, l"l]hich are of practical 
importance. 
(3) A discrepancy for the statical check of total verti-
cal load is noted (Struc. '9'). 
Because of these shortcomings, it was decided to use 
method 'b' in the analysis of all structures. It must lie 
emphasized that method 'b' does have certain shortcomings, 
though none as serious as the ones associated with method 'a'. 
~'ethod 'b' is discussed later in Chapter V. 
IV.4 DISCliSSION OF nETIIOD 'a' 
The umbrella shells with flexible edge roembers show 
a pronounced bending action near the free corner b (F if,!. 4.2). 
This bending action was observed in tests conducted on con-
crete shells (Refs. 31,(5) and Struc. '9' (usinR hynar with a 
corrugated deck) tested at Cornell. The shell in this region 
acts almost like a flat plate. In Ref. 1, this ohserved bend-
ing behavior of the shell lJaS termed as secondary bending and, 
based on the non-diJllensionalized parameter of .~~, the bencinp 
moment coefficients for this region were given. !'ethod 'a' 
base~ on the use of the shallow shell theory fails to predict 
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this localized bending behavior at the free corner. 
Before discussing this shortcoming of method 'a', it 
is necessary to point out that in the formulation of the curved 
element, the nodal displacements (u,v,w) are measured along the 
tangents and normal to the surface, rather than along the car-
tesian axes. In other words, the strain displaceJ11ent relation-
ships given in Eq. 3-9 are all expressed along the lines of 
generators of the surface. The eleJrlent stiffness matrix based 
on these displacements eliminates the co-ordinate transforma-
tion. In the solution of the master stiffness matrix, method 
'a' gives the displacements along the generators and normal to 
the surface ,,,hereas the J!lcthod i b' usinf, flat elements gives 
these displacements along the global cartesian co-ordinates. 
However, becau~:e of the shallmmess of the shells, 
(see Section III.2B) the surface co-ordinates along the gener-
ators are approximated by the Cartesian co-ordinates defining 
the surface. Because 0::' this approximation, a constant shear-
. . - 2NC. add'ed t th h . t' f fl lng straln term -- lS 0 e s _earIng s ra1n o. a at l\B 
plate (Eq. 3-9c). This term does not reduce to zero near the 
flat corner b (Fig .. 4.2). It is believed that this term - adds 
extra stiffness to the free corner where the structure behaves 
almost like a flat plate. This addition is probably the cause 
of the underestimation of the corner deflection. The deficiency 
of method, r a' -in predicting t.he deflection of the free corner 
needs further ,investigation. The solution could possibly be 
improved by refining the ',grid.size or by the-use of higher order 
strain terms 11., But this Hill definitely entail additional 
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computational work. 
The strain-displacement relationships for the curved 
I d d 1 h · c.. 'e ement are epen ent on y on t .. e tWlst curvature J\B lrrespectlve 
of the shape of the actual stru~ture. To explain this further, 
consider only the quadrant oabc of a structure of Type I, Fig. 
4.1. Ilne could build t\'JO cantilever hypars from this quadrant. 
The first structure ~'lOuld have edpes oa and oc fixed whereas 
edges ab and bc would be free. In the second structure, the 
fixed and the free edges "I..,ould he in terchanged. If both these 
structures are subjected to the same loadin~ conditions, ~ethod 
fa I "wuld give identical deflections and absolute values of the 
s tresse s. 
The solutions hy roethod 'a' for Strucs. '1' and '2' 
did not sho", any advan tare of us ing a 16 - term disp lacemen t 
function for lV-displacement, v!hich ensures the slope compati-
bility normal to the boundaries of the adjoining element as 
against the non-compatible l2-term polynomial used in D.ef. 19. 
The solution obtained for Struc. '21 ~ith the inclu-
sion of complete rigid body modes 20 and that obtained in this 
study , 'ItJi thout the inclus ion, . did not sho'l'" JTluch of a differ-
ence (Fir. 4.6). To study tte effects of inclusion of rigid 
body modes further and also to evaluate the differences in the 
solution usinr 16 or 12-tcrm polynomials for w displacement, 
Struc. 'IS' was analyzed. The results are plotted in Figs. 4.37 
and 4.38. It may be worth",hile to note that in this structure 
the rise to span ratio is rather high for it to be considered 
as a shallow shell (see Section V.2). The deflection profile 
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across the diagonal ob shows that there is practically no dif-
ference between the solution obtained by the use of a 12-term 
polynonial for the normal displacement w, and the function used 
by Banavalkar. The maXimUIJ difference of 2% is seen in the 
corner deflection 0b (0.090 inches by the present method and 
0.092 inc~es in Ref. 19). Even the u-v displacements allover 
the shell, obtained by the two methods were within 0.5% of each 
other. The striking similarity in the results tends to confirm 
the conclusion that both methods give the same results for the 
uniformly loaded hypars. This view is also shared by Pecknold 
and Schnobrich2l . The comparison nay not be as accurate for 
unsymmetrically loaded hypars where the l6-term displacement 
function for the normal displacement w would possibly give bet-
ter results. 
However, the comparison with results reported in Ref. 21 
shows a difference both in the deflections and stresses (Figs. 
4.37,4.38). Though the deflection profile and the stress 
variation are alike, the added flexibility of the curved ele-
ment with the inclusion of rigid body modes is apparent in Fig. 
4.37, lihere the corner deflection is nearly 60% larger than the 
one obtained in this study as well as by the method used in Ref. 
19. Though the solution obtained in Ref. 21 used a 12 x 12 grid 
size as against a 8 x 8 grid size used in this investigation, it 
is not believed that the difference in results is due to refin-
ing of the grid size. 
Analysis of the same structure by method 'b' using flat 
elements, results in the corner deflection 0b (0.123 inch) 
being nearly 33% larger than that given by the method 'a'. As 
-71-
pointed out e~rlier~ the def~~ctions by method 'a' are given 
normal to the surface whereas for the pethod 'b' they are in 
the global axes. Hm'lever '.' thi s does not affect the corner de-
flection 0b. !/oreover, the deflection profiles along the COJll-
pression member oa and the tension member ab, are different for 
the two methods. It is quite interesting to note that both of 
these methods 9 which give close results for edge-supported hypars 
(see Table IV-3), could differ in the case of this structure 
(Fig. 4.37). The inclusion of tte rigid body modes in the 
solution seeIns to account for the correct behavior of the flat 
corner but since no comparative results - with experiments - are 
t d21 . t . . b 1 h 1 . d . f presen e ,1. 1S not POSS1 e to comment on t e va 1 1ty 0 
the method in Ref. 21. 
IV.S THE COl,;PARISON 0F M1ALYTICALAND EXPERPmrJTA.L 'yrPK 
Because of the shortcomings encountered in method 
'a'~ the analysis reported hereafter is carried out by p'ethod 
ib'. The experimental results used for the comparison can be 
basically categorized into three types: 
(1) Hypars supported vertically along the line of gener-
ators all around the perilT'eters. Strucs. 13', '4 t and '5' corne 
under this cateBory (see Table IV-I). 
(2) Small scale concrete models of umhre11a 5hel1s65 
(Strucs. '6', '7' and '8'). 
(3) Umbrella shells havinf! standard corrurrated open decks 
for the shell surface (Strucs. '9' - '13'). 
All the above mentioned experiI!'.ental tests "lere con-
ducted atCorncll~ except Struc. '5' (Ref. 33). The testing of 
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the concrete, hYJ>ars l~as .conducted as a part of a research pro-
. I . hell U :. . 65. Ject current y ,In progress at t e orne niversity . 
. : ~'h~ comparisoll between the analytical and experimental 
. . 
results fpr the deflections, ~dge member stresses and the deck 
stresses: i,s given i~ Figs. 4.9-4.36. In all the analytical 
solutions, the surface of the hypar is approximated by the tan-
" . gent planes drawn at the center of the element except in Strucs. 
i 6'. and '8' where. t1'!ese planes are drawn at points a,long the 
free boundaries ab and bc (Fie. 4.5). However, these two 
structures vr~re not reanalyzed because of minor differences 
«10%) ~n .the results of other siMilar cases,using both methods 
of,transformation. 
A. EDGE-SUPPORTED HYPAPS 
The saddle shaped hypars (Strucs. f 3 1 and '4') ,.rere 
, . 
analyzed mainly to find the effect of rise on the value of 
shear rigidity factor 'a'. The ~alues of the central deflec-
tions are given in Tables II-I, II-2~ In the experiments, only 
the central deflection o (Key sketch Table II -1, I 1-:2.) 'was 
o 
measured. The results obtained in the:analysis of .these 
structures are used in thapter V, to study the effects of the 
variation in the structural parameters. 
Struc. '5' was a large scale model with the plan 
dimensions of 50'x30,33. A single layer of a cellular deck 
(see Table IV-Z) was welded to th~ edge ~embersusinp a warped 
plate connection. The hat section' \,1as "veided to the base plate 
with spot "relds 1" o.c. The adjoining deck pan~ls 'vere butt 
welded so as to develop the f~llstrerigthof the flat plate~ 
~ ; 
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The edge members were free to move in the plane tangential to 
Iii the shell boundaries Qut lV'ere supported vertically. A 32 dia-
meter, high-strength steel tie bar connected the points a and 
b (Fig. 4.3). A uniform load normal to the surface was applied 
by vacuuming the enclosed chamber. A predetermined tension 
force toJas applied to the tie by means of a 500 ton jack Hhich 
prevented the relative displacement between the points a and c. 
Hm"rever, the details of the connections of members oa and oc 
were such that there was no force on the meMber at the ends a 
and c. The members ba and bc were free to move at the end b. 
The stresses and the deflections were measured at various 10-
cations. The complete details of this test with the instruwen-
tation are given in Ref. 33. 
In calculating the ~embrane constants for the dec}, 
the stiffening effect of the hat is ner,lected. The meMbrane 
stiffness calculated only on the basis of the properties of the 
base plate~ is on the conservative side. Since no seam-slip 
was noticed during the tests, the shear rigidity factor a is 
taken equal to unity. The deck is hiphly orthotro!'ic as is 
apparent from the bending rigidities (Dy = 29,300 Dx)' The 
bending constants calculated on the basis of the geo~etrical 
shape are used in the analysis without modifications. As given 
in Ref. 33, the equivalent projected load is calculated on the 
basis of equating the shear force at the point 0 on the actual 
surface and that given by the membrane theory for an equivalent 
projected load. The load intensity used in this analysis is 
5% on the conservative side of the criteria given in Chapter 
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III» Section 111.4. 
The expe~imerital deflection profile along the 'lines 
de and £g (Fig. "4.3) . are corrected by subtract1ng the vertical 
displacements at points d, e, f, and g. The center deflection' 
cJlculated analytically is 5% on the higher side of ihe exper-
imental d~flecti~n 2.30 inches (Fig. 4.9). As shO~TJl in Fir. 
4.10, the axial stresses in the edge members are very close to 
half the values given by the meTI'brane stresses. The reported 33 
strain ~easure~ents' on the edge ~embers tend to confir~ this 
observation. It is quite logical to expect the forces in the 
edge members to be lONer than those given by the }')'lembrane theory 
because a part of the load is carried by the flexural a,ction of 
the deck. 
As shoNn in Fig. 4.11, the di fference 'bet,~een the 
analytical and experimental results for the shear stresses mea-
sured by the rosettes 1 and 2, is even less than 5%. The var-:' 
iation of the sL.ear force allover the hypar surface is shown' 
in Fi[. 4.l2~ As expecte0, the value of the shear force over 
a major portion of the shell surface is less than that given 
by the membrane theory. The iricrea~e in the shearing force 
noted at the corners a and c is due to the restraint offered by 
the tie; whereas the value of the shearing force in the fixed' " 
corner 0 is almost t,,.rice as that given by the ll'embranetheory. 
The 'connection bet't'leen the edge '~eJTlbers and the deck 
should be adequate' enough t6 car~y this high ~alue of ~hear. 
The bendlng stresS~5' calcu'late'd 'at'the' center of the 'span on 
" 
the top of the hat, do not sho", good correlation with the exper-
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imental results. The bendinR stresses· calculated usin~ the 
effective inertia led (Chapter II, Section IL2.B) is 6.70 ksi, 
"\\Thereas the measured total stress in the y-direction at the 
same location is 12. SO ksi. One reason for this underestima-
tion is that the measured stress is total "\\Thereas the calcu-
lated stress is only due to bending. Since in calculation of 
the membrane stiffness only the flat plate was considered, it 
is not l:nown as to what ex.tent the hat portion participated at 
the center of the deck in resisting the membrane stresses. 
The reduction in the moment of inertia calculated on 
the basis of the full cross-section, is not affected by the 
calculated compression stress in the top hat plate (the vari-
ation is less tl~an 5%). The change in the bending rigidi ty Dy 
does not warrant a new analysis. 
B. CONCRETE Ur~RELLA SHELLS 
The concrete hypars differ from the hypars using 
corrugated orthotropic decks mainly in two aspects. For the 
loads used in the elastic analysis of this study, the shell can 
be considered as made of an isotropic material. Secondly the 
bending and axial stiffness of the shell is quite comparable 
with that of the edge me~ber. 
The experimental work on Strues. '6', '7' and i8' was 
conducted at Cornel165 . Strucs. '6' and '7' were identical 
except for different eccentricity of the edge me~bers (Fig. 
4.5) . In Struc. '6' the beaJTls Nere located on the top of the 
shell surface whereas they were located belo~r the deck in Struc. 
'7' . These structures 1;.rere loaded uniformly usine concentrated 
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loads applied discretelY over the surface, liliereas only half 
of t~e structure was loaded in the case of Struc. '8'. 
The elastic properties of the concrete used in the 
model were determined experimentally. In calculating the prop-
, 
erties of the shell only the concrete section is considered. 
The classical team theory which assu~es ~he linear variation of 
the angle of tlvist is used in the analysis. The beams are con-
sidered eccentric only in the z-direction. The bea~propertics 
calculated are based only ~m the ribs projecting above the deck. 
For Strucs. '6' and '7', the comparison between the 
experimental and the analytical results are shmm in Figs. 4.13-
4.19. As shown in Fig. 4.13, ior Struc. '6' the compression rib 
; , 
deflection 0 is about 10% s~aller than.the experimental re-
. a 
suI ts ":Thereas the free corner deflection 0b is about 5% larger 
than the experimental value. For Struc. '7' (Fip. 4.17), the 
deflection 0b is about 60% and 5a is about SO% of the experi-
mental values. Though percentage-wise the error in 0 , in 
... a 
Struc. '7' is about 40%, the magnitudes of the deflections are 
very small. Except for t~e deflection profile along the dia-
gonal ob near the coluJTln support, the general shapes of the 
profile agree fairly well with the experimental values. The 
deflection profiles of the tension members ab in both the 
structures) where the bending action in the shell dominates 
- • ,1 
over the membrane action, is very good and al~ost parallel to 
the one observed experimentally. 
TQ verify the idealization of the edge member, Struc. 
'6' Nas reaJ?alyzed, but a certain portion of the deck was in-
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eluded as the effective width in recalculating the bea~ prop-
erties. The modified eccentricity of the beam with respect to 
the deck and properties 'Were recalculated. It is obvious that 
in doing so a certain portion of the deck is duplicated, with 
the result that the properties of the edEe members are over-
estimated. For the same structure it was found that the free 
corner deflection cb remained alrrost unaltered (0.022 instead 
tif 0.023) whereas the deflection &a reduced from 0.016 to 0.012 
inches. This observation ShOlvS that important deflections are 
insensitive to the edge member properties for this particular 
structure. However, there is a redistribution of the bending 
and axial stresses in the shell, which are of a relatively 
small magnitude. The upturned bea~s used in Struc. '6' seem 
to have a pronounced effect in reducing the corner deflection 
0b as seen from the analysis as "rell as experiTllents. The free 
corner deflection 0b for Struc. '6' is nearly half that of 
Struc. '7' ,1Thereas the compression rib deflection <5 a for Struc. 
'6 1 is larger than that for Struc. '7'. These points are 
further discussed in Chapter V. 
Because of the varying size of the edge members, the 
axial forces are plotted instead of axial stresses. The ratio 
of the calculated axial forces to that given by the membrane 
theory is 70 - 80% for the compress ior. meJTI1;ers oa and oc and 
50-60% for the tension me~bers ab and bc. The analytical and 
experimental values of the stresses for the tension member are 
in close agreement, Nhereas the analytically calculated results 
for the cor.pression, members are on the conservative side. 
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Even though part of the vertical load near the column is car-
ried by the concrete shell, in order to satisfy the static 
equilibrium for the vertical load it appears that the experi-
mentally measured forces in the compression rib are quite low. 
The axial and the bending stresses are measured along 
the diagonal ob at an angle of 45° 1,rith the x and y axes (Fig. 
4~15). The measured axial stresses show excellent agreement 
with the analytically calculated value of 72 psi. An important 
point to hote is that the calculated and the experimental; values 
are about 34% higher than those given by the membrane theory at 
a load of 4.0.9 psi, the reasons for whicl:l are not readily 
apparent. The values of bending stresses are very lOtI! and arc 
not compared here. The variation of the shearing force is 
plotted allover the shell for both the structures. Though 
thero are minor differences in the shape of variation of shear-
ing forces, t"t'lO important observations can be mad~. The values 
of the shearing forces over a substantial portion of the shell, 
are larger than those given by the memhrane theory. The shear-
ing force near the colu~n is nearly twice as large as that 
given by the membrane theory. This sudden increase in the 
. shearing force clearly indicates that the shell participates 
in tr~nsmitting a certain portion of the vertical load. The 
same behavior is also noted in Struc. '5'. 
Struc. '8' is .the same as Struc. t 6' but it is sub-
jected to an unsymmetrical load (Fig. 4.20), where half .of the 
structure is loaded lIn ifOTJn.ly . Only half the structure along 
the line 'cf. (Fig. 4.20) is analyzed' using, 1.6 elements in each 
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quadrant. The statically equivalent load is used in one 
quadrant. Th:e" central column is idealized by means of con-
centrated elastic springs as given in Chapter III, Section 
III.2.F. The comparison between the theoretical and the ex-
perimental results is shown in Fig. 4.20. The deflection pro-
files appear to be quite reasonable though the magnitudes of 
the deflections 0b and 0e are 30-40% on the lower side of the 
values obtained experimentally. A static checy for the ver-
tical load is satisfied at the center column though a dis-
crepancy in the overturninr moment is noted. 
A highly irregular pattern of axial forces and moments 
is obtained \·rhich unfortunately could not he verified properly 
because of the difficulties encountered during the experiment. 
A better solution can be obtained by using a finer grid (64 
elements in a quadrant) and also by using work equivalent loads. 
It was not possible to check the impl.ovement in the solution 
because of a limited COlT'nuter core capacity. The example how-
ever, clearly shO\ved that the theory can solve unsymmetrical 
loadin~ conditions such as wind load, etc., and can satisfac-
torily predict the overall behavior of the shell. 
The corner deflection 0b in Struc. ! 8' is nearly 
three times as large as that 'obtained for the uniformly loaded 
Struc. '6'. The increase in deflections in the l~aded quadrant 
is mainly due to the twistinf of the shell about the line ah. 
C. UMBRELLA SHELLS WITH STA1'lDARD CO~.RUGATr,D DECKS 
Four medium scale umbrella shell models (Strucs. '9', 
i 11 '., ' 1 2' an d '13'; Tab 1 e I V-I), l2x 12' in plan an d wit h a 
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rise of 14.4 inches, were tested at Cornell. Struc. '10' 
is a hypothetical structure analyzed to study the effects of 
change of shape in Struc. '9' due to the excessive deformations. 
Self-tapping screws "'lere used to connect the adjoin-
ing deck panels and also to connect the deck panels to the edge 
members. The main supporting edge member frame consisted of 
circular pipes (for sizes see Table IV-I) connected eccentri-
cally below the deck. 
For the structure havin~ two decks placed in a ~u­
tually perpendicular manner, the decks were not only connected 
along the peripheral edges but were also connected intermit-
tently allover the surface. In the case of the two deck sys-
ten j the bottom deck was directly connected to the edge member 
whereas the top deck was connected to the bottom deck (Fig. 
2.6). All structures were supported at the center column and 
a uniform load 'vas applied using pressurized canvas rubber bags 
.... Jith one bag placed under each quadrant (see Chapter VII). 
The properties of the decks used in the analyses are 
given in Table IV-I. The gage thickness of the deck was 
checked by the microweter screw and the properties correspond-
ing to the uncoated decks are usee" in the analyses. To account 
for the effect of rise, the shear rigidity ~actors used in the 
analyses are modified from the values obtained by the flat 
shear tests (Figs. 2.7 and 2.8). The reduction in these values 
of a is roughly 25% for the single deck whereas it is about lS% 
.' . 
for the double decks. Zero torsional fixity between the deck 
and the edge members is assUJTled for all the structures analyzed. 
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In order to have a better uncL::rstanding of the he-
. -
havior of these structures, they are classified into two cate-
gories. This clJssification is based on the ratio of the rel-
ative stiffnesses of the deck and the supporting edge ynembers. 
Strucs'. 'g 1 and '10' are considered to have flexible edge J1'1em-
bers whereas Strucs. '11', 'lZ' and '13' are considered to have 
very stiff edge me~bers. The edge ynembers used in Strucs. '11', 
'12' and '13' are 4.37 times stiffer axially and 236 times 
stiffer f1exurally as compared with the edge members used in 
Strucs. 1 9 f and '10'. This large d.ifference particularly in 
the bending stiffness alters the behavior of the uJTIbrella 
shells. 
C.l. INVBnTED U~1BRELLI' SHELL NITP FLEXIBLE 
FI'GE 7 "EPBERS 
Strucs. '9 I and 'H" ,.rere analyzed us in? the boundary 
condition v (Table IV-2) l,I!}lich assumes full horizontal fixity 
between the edge Memhers and the deck. The convergence char-
acteristics for the cerner deflection 0b for Struc., '9' are 
sho~m in Fip. 4.22. By refining the grid size, the free cor-
ner deflection increases. This is because of the effect of 
eccentrically connected edge members (Fig. 3-12). The difference 
in the corner deflection 0b bet"T(:en 6x6 grid size and that of 
8x8 grid size is less than 2%. 
The deflections and the edge r,-,cmber stresses obtained 
for Struc. '9' are compared witr the experimental results in 
Figs. 4.24-4.28. The analysis underestimates the deflection 0a 
by 32% whereas the deflection (~e is overestiMated by 40%. The 
difference betl;leen the analytical and experimental results for 
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the corner deflection 0b is 10%. Comparinr the' relative magni-
tudes of thes8 deflections (oa' 0b and 0e)' it is apparent that 
in the case of a flexible edge member the free corner deflec-
tion 0b is of utmost importance. The shape of the deflected 
profile for tl'e member ab and the relative deflections betllTeen 
points a and b, by theory and experiments are in close agree-
ment (error ~ 1%). T~e reasons for the underestimation of the 
compression rib deflections are discussed later in this section. 
The corner deflection o~ is greater than 10% of the 
v 
rise of the hypar shell, which is 14.4 inches. In other '.'J'ords, 
the change in the shape of the structure is quite important. 
To estimate the effect of the change of shape, a very approx-
imate method 'Nas used whereby the saw.e structure (Struc. '9') 
was reanalyzed by only modifyinr its rise from 14.4 inches to 
13. 8 inches. The reduct ion of 0.6 inches in the rise ""as cal-
culated by taking half the difference betveen the relative de-
flections of the points a and b. The analysis of Struc. '10' 
using the ,modified rise, shm'Ts an increase in deflections. The 
error in the deflection 0b in particular is reduced further to 
49.: o • 
I\ cOJP.parison between the experimental and the analy-
tical resu1 ts for the axial and bending stresses, and the abso-
lute value of the total stresses for the edge me~cers is given 
in the Figs. 4.25 and 4.26. TIle bending and tne total stresses 
show very good correlation with a maximum error of -15% for 
the tension members. Comparing the analytical and experimental 
results for the axial stresses, it is noted that the calculated 
-83-
cornpression:s~resses for members oa and oc are on the high side 
lihereas in case of the tension jT'·embers ab and bc are on the 10'lH 
side. The measured axial stresses are only about }th in ~agni­
tude of the total stresses and therefore the devi~tion (-55% for 
,the member ab) between the' theory and experiment is not consid-
ered to be a sirious handicap. 
To examine the validity of the solution and also to 
help to understand the behavior of hypars, 'the variation of 
the' bending moment My and the in-plane shearlnp force Nxy are 
plotted over the shell surface (Figs. 4.27 and 4.28). Along 
thecoluJT!n line 1 (Fig. 4.27), the deck bends ldth the tension 
member like a cantilever (negative moment) whereas in the in-
terior of the span , it acts as a simply supported span betlveen 
the oppos i te edge Members. Along the column line 8, 'the deck 
has a rerion of negative bending moments near the supporting 
column. The variation in the shearing force (Fig. 4.28) is 
similar to that indicated for the concrete hypars (Strucs. '6' 
and '7'). Near the center of the quadrant, the shearing force 
N is larger (by 10%) than the values given by the membrane xy 
stresses. However~ one major difference noted between the con-
crete and corrugated deck hy~ars is that near the column the 
deck does riot carry a substantial portion of the vertical load 
as is seen in, the case of Figs. 4.16 an.d 4.19. The comparison 
of the axial, bending and total stresses calculated by theory 
and measured experiJTlentally at point e is given in Table 1V-4. 
The'calculated stresses are comparcd with the aver-
agc measured values obtained for the top anrl bottom deck. Be-
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caus~ ,of !he very small magnitude of the stresses, the varia-
tion, in their measured value ,.,as extreme. The variation in 
, , 
the measured axial stress ranges from 210 psi to 1780 psi 
whereas that in the bending stresses ranges from 140 psi to 2840 
psi. Though the calculated values appear to be in the vicinity 
of ,these measured values, a direct comparison would not be 
frui tful. 
': 
In the analytical solution of Struc. t 9' ,i t' is noted 
that the deflection 0a is underestimated. Fir. 4. 29s'ho\'J's a 
typical connection bet"Teen the tens ion J1lember ab and the' com-
pre~sion Member oa. Because of the eccentric connection be-
bleen the deck and edge members, all the node points are along 
the. top of the edge members ab and oa. The in-plane forces on 
the ~ember a~ are transferred eccentrically to the member oa 
at the noc,e a, resul ting i:1 its up'Harcl deflection as shm·m in 
Fig. 4.29. In order to illustrate the effect of this eccentric 
, ' , 
. ': 
,transfer of the in-plane forces 9 Strucs. '9' and '11 i are 
analyzed for the t'll/O boundary conditions V and VI (see Table 
I"-2) . 
For Struc. '9', inspite of certain redistribution of 
forces due to the change in the boundary conditions y there is 
practically no change in the d~flections 0e and 0b' The re-
lease of the in-plane shear of 328 lbs. acting eccentrically 
. " 
at point results in increase .' \ the deflection 0a by a, an 1n 
0.17 inches (Fig. 4.30). This shear, if resisted entirely by 
'" 
the compression member oa acting as a cantilever supported at 
, . . 
point 0, produces a deflection of 0.22 inches. Except for the 
-85-
bending stresses in the tension ~emhers ab and hc, the changes 
in the stresses for both the edg~ me~bers and shells are in-
significant. As shol·m in Fi g. 4.31, the decrease in the verti-
cal shearing force due to the release of the in-plane forces 
results in the reduction of bending stress at point a in me~­
ber abo 
From the consideration of the marnitude of the in-
plane shea r and its eccentric transfer" Struc. '11' represents 
an extreme case. As shown in Fig. 4.32, the deflection pro-
file along tlw diagonal ob reJ'Tlains practically unal tared for 
both boundary conditions for Struc. '11'. Because of the very 
high in-plane rigidity of the 3" diameter pipe, the value' of 
the in-plane shear developed at the junction a (Fir. 4.29) is 
quite large (742 Ibs.). Though small in ~agnitude, the in-





200%. The increase in deflection exceeded that \-!hich l!Jould 
have been obtained by considering the edge members oa and oc as 
cantilevers" acted upon by the eccentric shears at points a 
and c respectively. A swall increase in the deflection 8b is 
noted and it must be pointed out that the transfer of the 
eccentric force also exists at the junction of the tension mem-
bers but it is of minor i~portance. 
In the case of concrete hypars ".There full fixi ty be-
tween the edge rnewber and the shell exists, this transfer of 
ec~entric forces in two mutually perpendicular directions does 
not present a problem. To get an exact solution for the dis-
continuities between the edge member and the steel deck, equa-
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tions of compatibility 1'fi11 have to be satisfied at the addi-
• •• I, ~ • ", • 
tional nodal points' thereby "'increas ing 'the complexi ty and the 
, ,.f ~ I 
stotage requi~ement for tIie computer'program. Both cases pre-
I· 
sen ted here', pa~'ticulaTly S true. I 11' 9 represents an extreme 
class ~of proble'ms' ,"hich ~iilbe hardiy encounte~ed in practice. 
" 
Besides the eccentric connection, the iri-plane stiffness of 
circular pipes is equal to the vertical bending rigidity. On 
the assumption of full horizontal fixity between the edge mem-
, ' . 
beis and the deck, the horizontal stiffness attracts high in-
'plane shears 1 the 'TI1agnitudes of "Jhich raise the question of 
its validity. 
In practice, tI"',e rolled sections such as channels 
and I-sections have very s1r.all in-plane stiffnesses as compared 
with their bending stiffnesses. Secondly, these members will 
be usually connected along their shear centers by weans of 
warped plate connections (Fig. 3.10). One way to correct the 
deflection 6
a 
is by applying the rooments, equal in magnitudes 
but opposite in directions, to those produced by the eccentric 
shears at the junction of two eccentric members (Fig. 4.29) 
and recalculate the deflections of only the supporting frame. 
Since the exact amount of horizontal fixity is not 
k'11Ol.vn, the other al terna ti ve is to rf analyze the structure ,·Ti th 
a complete release of the in-plane forces (boundary condition 
VI) and use the conservative results for the design. 
c. 2. HIVEPTED m~BPELLA SHELL '\TlTH 
STIFF EDGE I'Ei'BEHS 
Strucs. '11' and '12' used single corrugated decks 
l·!hereas Struc. '13' used tl'10 perpendicularly placed intercon-
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nected decks. The structures are analyzed using the boundary 
condition Vf. This boundary condition is on the conservative 
side as far as the computation of deflections are concerned. 
Fig. 4.33 ShONS the comparison of t~e experiIPental 
and analytical deflection profiles along the diagonal ob 1 for 
all the three structures. Besides this, the comparison between 
the measured and calculated deflections at points a, b~ c and 
e is given in Table IV-S. During the experi~ent5) difficulty 
was encountered in obtaining tl~e symmetry of deflections. The 
unequal rate of leakage frow each canvas bag, placed under the 
quadrant resulted in an unequal pressu.re loading being applied 
to different quadrants. In order to show this resulting un-
symmetry in the solution, Table IV~5 shows the average, rnaxi-
mum and minimum measured values for the deflections. ft. COIP-
parison between the results is based on the averaee value. In 
general, the shape of the deflection profile along the diagonal 
ob shows a reasonably good correlation between theory and ex-
periment. The deflection 8 at the center of the quadrant for 
e 
a single deck hypar (Strucs. 'II' and '12') is ovcrestiwated 
by the theory whereas the deflection for a double deck (Struc. 
'13') shows a difference of only 10% from the measured value. 
Except for the minor scatter of the deflections 8a , 8b and 8c ' 
the analytical results are within 15% of the average experi-
mental values. 
The axial and bending stresses are measured at five 
locations (Table IV-6). For the bcndin~ stresses greater than 
2000 psi, the experimental and analytical values show a devia-
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tion of less .than .20~. For very s:r"lall J)'lapni tudes of stresses 
(such as less than,2000 psi) the calculation of the €rror hased 
on the me~~ured stresses l •. rill 'be misleading.· T~e accvracy"o,~ 
measureY"1ent for the s!!1all mag-ni tudes of stresses is. ah,rays 
less. The. measured total stresses also show ,a fair amount of 
agreement with the analytical solutiofis. 
The major discrepancy arises in the comr~risonbe­
tween the measured and the calculated' axial stresses,. Based 
<' 't 
purely on the TI'embrane theory? the maxiwum 'axial stress should 
'be 15.70 psi; as against this, the measuri:,dva1ue of ?tresses 
.. " .. ~ 
reache-s as high as, 2440 psi (Struc. '11 ') "'hlch is nearly 55% 
. ',1 
larger than that given by thernemb rane ' theory. This appears 
, ;., 
" inconsistent ~ith the expected behavior, since a part of the 
load is also carried by the bending k~tion. 
In order~ to unders;ta'nrl' t!1e' difference· in beh"avior be-
. tween the single )ayer and doubl'elayer d-ecks, Fi?s ... 4.34 and 
: " 
4.35 show the variation of the axial stresses and the ,verti-
cal shearing forces carried by the edpe rnepber,. For Struc. 
'11' (which has a 28-G single layer deck), bot.:h the",~ompression 
member oa and the tension member bc placed'across.th~ corruga-
tions (along the weak axis), car~y hi~h aXial loads as compared 
to the rne~bers ab and oc, placed perpendicular·to the direc-
tion of the corrugations. This trend is also' observed experi-
mentally. Because of very lO~'T in-plane stiffness across the 
corrugations, the effective area of the deck resisting the in-
plane shear alon~ with tl:e edge !'lembers oa and bc is very sJ"lall 
, ".' and therefore the entire shearin~ forces are resisted by the 
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edEe members alone. As against this, in a direction along the 
corrugations a part of the deck shares the in-plane shear and 
subsequently results in the reduction of the axial stresses 
in the edge roembers. 
Fir. 4.35 shmvs the transfer of the vertical load 
to the edge me~bers. rith the strong axis of bending placed 
parallel to the lines oa and bc (Fie. 4.2) the deck basically 
bends between the supporting lines oa and bc. 
D
x
' practically no load is transferred directly to the edge 
meMbers oc and abo However, from the conditiors of compatibility 
at points band c, the merober bc is supported at its end by 
members ab and oc. The nepative shearine force at the point 
b on the member bc and the constant shearing forces along the 
members oc and ab confirm this expected behavior! This manner 
of transfer of load for a sin~le deck is also reflected in the 
bending stresses at points a and e (Table IV-6) ,·!hich are 
higher than tr..ose for double decks (Struc. '13'). 
The measured axial and bending stresses at the center 
of the quadrant were hiBhly erratic and did not show any con-
sistent behavior. The minimum measured bending stress was 
half the value of the maximum measured value at the same 10-
cation. This wide range of scatter is due to two reasons, first 
the magnitudes of stresses. are too s~all to be ~easured re-
liably and secondly there \ITaS an unsymmetry due to unequal 
pressure loading. For completeness} the co~parisons between 
analytical and experimental values for the ded: stresses are 
given in Table IV-4. The bending stresses for Strucs. '11' and 
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'12' are overestimated hythe analytical method whereas they 
are underestimated for Struc. '13'. 
Fig. 4.36 sho~s the variation of the in-plane shear 
force Nxy over the entire shell surface for Struc. 'II', An 
almost identical variation in the in-plane shearing force is 
also obtained in Struc. '12' (24-G sinr;le deck) which has 61% 
1,- , 
larger shear and ~ending rigidities than those of Struc. :'11' 
(28-G single deck). For Struc. '13' ltd thti 28":G dou'tle layered 
deck, the shear force distribution is very similai to that.ob-
tained for Struc. '9' with 1\ diameter flexible edge members. 
However, the maximu~ values of the sh~ar force arc about 5-10% 
lower for Struc. '13'. The only noticable difference for the 
.. ' 
variation of the shear force for single and double deck struc-
tures is that, in the case of the former structure, the maxi-
mum value of the shearing force does not exceed the shearing 
force given by the membrane theory wJlereas it exceeds the mem-
brane shear force in the latter c~se.' It may be of interest 
to note that the results for the deflections of the deck are 
quite close to those reported in Chapter VII. With the stiff mem-
bers, as those used in Strucs. '11' ~ '12' and '13', the deflec-
tions along the free boundaries are small and therefore the 
behavior of the shell is qui te close 'to that of an edge-sup-
ported hypar for which, as pointed but ~arlier, methods 'a' and 
'h' give the same results. 
The salient features differentiatin~ the behavior of 
the hypar 1vi th very s tiff edge rnemb'ers (Sfrucs. '11', '12', and 
'13') and the behavior of t~ehypars with very 'flexible edge 
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members (Strucs. 'g' and '10') are further discussed in detail 
in Chapter V. The effect 6fthe edge member weight on the 
behavior of hypars is also discussed in Chapter V. 
IV.6 SUMMARY 
The validity and the accuracy of the finite element 
methods were assessed. Both approaches were found to converge 
sati~factorily. A grid of 6 by 6 gave essentially the same 
results as a grid of 8 by 8. 
For hypars with fully supported edges, both the flat-
element and the curved-element methods yielded deflected shapes 
that are identical with those given in the literature. Satis-
factory agreement was also found with experimental results 
even when the effects of eccentric edge members were included. 
However, the deflections of flat corners, such as those at the 
outside corners of umbrella-type hypars, are underestimated by 
I 
the curved-element method. The flat element approach predicts 
the experimental deflections and stresses of various types of 
hypar structures with satisfactory accuracy. 
CHAPTER V 
QUALITATIVE EFFECTS OF PIU:'JCIPAL VAPIABLES 
,ON BEHAVIOR OF BYPARS 
V.I INTRODUCTION 
, , 
Based on the analysis of some selected structures 
(Table IV-I) it is possible to show qualitatively the effects 
of different parameters on the behavior of a 'hypar she11. 
Since the number of parameters affecting the behavior of the 
, , 
shell is quite large and iheir interaction is very complex, . 
attempts to shall' their effects on the structural behavior by 
means of formulae would involve extensive computational work. 
During the following discussion so~e of the parameters which 
were not investigated are ~entioned. 
The structural variables affecting the behavior of 
the shell can be broadly classified into four categories: 
(1) Geometric shape of the hypar shell. 
(2) Properties'of the deck used as a hypar surface. 
(3) Boundary conditions. 
(4) Loading. 
V.2 GEOHETRICAL SHAPE 
All hypar surfaces have a constant twist curvature 
~~ The effect of rise to span ratio on the central deflec-
tions of the saddle shaped hypars (Strucs. '3', '4', Table IV.I) 
is illustrated by plotting the deflections against the nan-




rise to span ratio, the curvature of the surface increases. 
This increase in curvature reduces the bending action of the 
shell whereas the membrane action is increased and this even-
tually leads to the decrease in the central deflection. 
The effect of the rise can be ShO\ffl by comparing the 
central deflections of a sil11ply supported Z8-G square plate 
(60 d x60" in plan) with those of a hypar having a rise of 7.5 
inches (rise to span ratio = 1/8) (Fig. 5.1). The deflections 
in the latter case are nearly 40% of those obtained in the 
former case. 
The sensitivity of the structural behavior to the 
change of rise is well de~onstrated by comparing the deflec-
tions and the stresses for Strucs. '9' and i 10' (Table v.l) 
where the rise of Struc. '10' is on ly 4.3 % swaller than that 
of Struc. '9'. The increase in the bending action with the 
reduction in rise is evidenced by the increase in the deflec-
tions 0a' 0b' 0c' and 0e and also in tpe hending stresses. 
The bending stress in the center of the deck increases 
from 1870 psi tn 2130 psi. Accordinr to the l11embrane theory, 
the in-plane shear force is inversely proportional to the rise 
to span ratio (Nxy = q AB) The same trend is also observed 2C • 
in the increase of the in-plane shear and the axial ed ge meJ11-
ber stresses (Table V-I). 
For larger values of AB (c < 1 the membrane action 
r2 A 8) , 
-' 
is reduced to a minimum and the entire load is practically 
carried by bendin~ action. The calculation of the in-plane 
shear on the basis of the membrane theory, as C approaches zero, 
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is meaningless. The theory given here is primarily'good for 
rise to span ratio of ~ } (AB/C 2 : 15) but it can be used for 
'greater rise with loss of accuracy. From the construction 
point'of view, the choice of rise to span ratio will be also 
governed by the warping of the deck. 
V.3 DECK PROPERTIES 
In the case of an open form deck, the membrane ,elastic 
constants Ext' Elt and the bendin. constants Dx ' Dl and Dxy 
(Fig. 2.1) are very small and their influence on the behavior 
of the shell is insignificant (for the stiffness coefficients 
see Appendix B). However, in the case of the closed cellular 
decks, though 'the magnitudes of Dx ~nd Dl are sm~ll and insignif-
,icant, Ext' Elf and Dxy are comparable in magnitudes to the 
propertieSEy~' Py and Exyt and theref6re their influence on 
the structural behavior cannot be overlooked. Since onli one 
structure was analyzed for the celltilar deck (Struc. '5'), the 
discussion given below primarily concerns the open form (stan-
dard sinusoidal) 'decks~ 
A. SHEAR RIGIDITY 
According to the membrane theory, the normal loads 
on the hypars are carried by the in-plane shearing force N • 
xy 
In reality, though a part of the load is carried by bending, 
the magnitude of the in-plane shear Nxy is quite comparable to 
that given by the membrane theory (Figs. 4.12, 4.16, 4.19, 4.28, 
and 4.36) and even exceeds it in certain regions of the shell. 
Therefore the in-plane shear resistance Exyt = Geff,nt, is very 
important in the behavior of hypars~ As discussed in Chapter 
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II, the effective shear modulus (Geff ) is obtained by reducing 
the shear modulus of the material by th~ factor a. In the 
s:.lddle shaped hypars (Strucs. i 3' and '4') for a rise to span 
ratio of lIS (AB/C 2 = 25) (Fig. 5.1), the reduction in the 
shear rigidity ex from 0.06 to 0.04, shm'Ts an increase of nearly 
30% in the central deflection. The behavior of the hypar shell 
is very sensitive to the values of a < 0.10. 
To illustrate the effects of ex on the behavior of 
the shell, the results for Strucs. '13' and '13a' are compared 
in Table V-I. With the increase in the value of a, the deflec-
tions (oe' 0b) and the edge memter and deck bending stresses 
are reduced ",hereas the axial stresses in the edge members and 
the in-plane shear force N 
xy are increased. Except for the 
axial forces in the edge JTler-bers and the in-plane sbear N xy' 
the response of the structure to the variation in a is siJTlilar 
to that of the variation in the rise to span rati6. The 
optimum value of ex in orthotropic hypar structures is ex = 0.1 
since larger a does not improve the behavior much. Factors 
which improve the value of a ~ere already discussed in Chapter 
I I . 
B. THI CKNESS OF THE CORRTJGATED DECK 
In the case of an open deck the important rnemprane 
properties such as Eyt ' Exyt and the bending rifidity Dy are 
directly proportional to the thickness of the deck. However, 
it must be pointed out that the bendinf rigidity of the deck 
is small compared ,,vi th the membrane stiffness. tloreover it is 
the change in the shear stiffness that influences the behavior 
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of the hypar shells and therefore the effect of increasing the 
I· " • 
" . 
thickness is analogo~s to that of increasing the. value ~f cx . 
.. 
To substantiate this observation the comparison betlVeen the de-
flection and stresses for Struc. '11' (28-G single deck) and 
Struc. '12' (24-G single deck) is given in Table V-I. 
The variation of the in-plane shear rigidity, which 
is directly proportional to the thicrness and the shear 
rigidi ty factor ex, also affects the manner in llThieh the verti-
cal load is transferred to the supports by the me~brane action. 
Because of the high shear rigidities for the concrete struc-
tures ('6' and '7') and Struc. '5' using the cellular deck with 
the full effectiveness of the bottom plate, .the values of the 
in -plane shear ing forces show a subs tan tial increas e near the 
supports (Fics. 4.12, 4.16, 4.19). The increase in the shear-
ing force indicates the participation of the deck in carrying 
a part of the vertical load. As against this~ Strucs. '9'-'13' 
wi th 1mv shear rigidity do not show any incr~.ase in the, in -p lane 
shearing force (N
x 
) near the supporting columns, (Figs. 4.28, Y . 
4.36) . In other llTOrds, in these structures the entire vertical 
load is primarily carried by the edge members. 
C. NUHBER OF nECKS 
As far as deflections and stresses in a hypar are con-
cerned increasing .the number of. decks has. the same effect on 
the behavior of the shells as that of increasing the shear 
rigidi ty factor a and the thick-ness. HOl~~ve.r, this observation 
does not app.1y for buckling (see·Ghapter VI). As discussed in 
I . . . 
Chapter II, the effectiveness of the deck in resisting the 
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loads depends upon the Pl.anner in "[hich two or JT10re decks are 
interconnected and connected to the supportinr edgernerrhers. 
However, it must be pointed out that,in order to avoid chatter 
and get a better structural performance, it is desirable to 
interconnect the decks allover the surface of the shell. 
"Then two decks are used, they are placed in a mut-
~ally perpendicular manner and this gives an equal bending 
rigidity to the structure in both directions, thereby distri-
buting the applied loads more evenly to the supporting edge 
members. The comparison of the results for Struc. 'II' using 
a single deck (2S-G) and those for Struc. '13a' using the 
double deck, all other constants being the same, SP.OlvS that the 
uniformity of the stiffness in Struc. '13a' has more even 
distribution in the edge meJT1b~r.axial stresses (Table V-I). 
Though the corner deflection shoHs practically no change, the 
center deflection 8
e 
for Struc.: '13a' is nearly half that of 
Struc. 'II'. The change in the bending stresses of the edge 
member is very small but because of the increased membrane 
action the bending stresses i~ the center of the quadrant are 
reduced by nearly three times. 
In practice, the use of a double deck with two decks 
placed mutually perpendicular is more desirable than a single 
orthotropic deck. 
V. 4. BOmmARY CONDITIONS 
From the practical po in t of vie"!, boundaries such as 
si~ply supported, knife-edge supported or fixed all around, are 
not realistic. BOlmdary conditions '~hich consider the proper-
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ties of edge members' and the manner in \vhich they a.re connected 
~b thi deck are ~ealistic from the practical point of view. 
A. E'DGE MEMBER PROPERTIES. 
The edge mel'!lber properties Ab , I y ' I.z ' J and r b. for 
available rolled sections show variations over a wide range. 
A sufficient nu!l1~er of analyses could not be carried out to 
formulate any defini te rules by which the effect of the varia-
tionof these' individual properties on the behavior of the 
'shell can he assessed'. Except for the· concrete hypars, the 
analysis \I/as carried out for zero torsional fixity and there-
fore the influence of the torsional constants .J and r is not 
clearly !molo;n:. 
To get the general idea of the effect of the stiff-
ness of the edge members, one can compare the results of Struc. 
'13' with very stiff edge members and Struc. '9' with very 
flexibl~ edfemembers. The difference in the behavior of these 
two extreme structures is obvious from the deflection profile 
along the diagonal ob (Figs. 4.2 4 and 4.33). In the case of 
Struc. '13' because of very high bending rigidity of the edge 
members, the deflections along the periphery are quite small 
and the deck bends freely between the opposite supporting 
edges. The simply supported plate bending action is quite 
dominant in tr.is case. Because of the small bending rigidities 
of the edge members in Struc. ' 9 ' , it appears 'from the deflec-
tion profile along the diagonal ob that it is the deck that 
supports the edge members near the free corner 'and therefore 
the deck stiffnesses (botl~ bending' andmeJllhrane)' are qui te 
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important for this structure. 
The fact that the corner deflection 0b for Struc. 
'13' is not very different than that of Strucs. '11' and '12', 
where single layer decks with different shear ripidities and 
thicknesses are used, c1early indicates that the deflections 
along the periphery of these structures pri~arily depend upon 
the properties of the edge wembers. In order to optimize the 
interaction between the deck and the edge members to give a 
satisfactory structural performance, the ratio of the bending 
rig idi ties of the deck and the edge members \vould have an 
optimum value betHeen the tl!O extreme cases (Strv.c. '9' and 
Strucs. '11'-'13'). 
B. EDGE MEMBER AND DECK CONNECTION 
As sho:Nn for Strucs. '6' anc '7' (Table IV-I), the 
eccentric location of the edge members affects the deflection 
of the structures (Figs. 4.13 and 4.17). The difference in 
behavior of the edge me'fTlbers is shown in Fi? S.2. For umbrella 
shells to reduce the vertical deflection for tl',e compres-
sion member, it is beneficial to connect tr'.e deck on top of the 
edge member Hhereas in the case of the tension )Tlembers; it is 
beneficial to connect the edge member on the top of the deck. 
The experimental as well as the analytical results for Strucs. 
'6' and '7' seem to confirm this conclusion. 
No comparative results are presented for the zero 
alld full torsional fixity, though results are'presented for 
the full and zero in-plane fixity (TH) between the edge ITlembers 
and the deck (Figs~ 4.30-4.32).' Though the results are very 
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limited, it is believed that providing fixity along the periph-
era1 edge' wembers tends to attract ~ore vertical load on the 
~dge members (Fi~. 4.31). 
Iri the case of saddle shaped hypars, th~ increase in 
area of theten~i6n tie bar connectinr the lower corners (Key 
- . 
sketch 5 Table II-I) of the shell and the in-plane bending 
, 
rigidity of~he peripheral edge members have benefic'i~-i effects 
in rcducing;th~ bending ~ction of the ~h~il19. ::. " The effects 
of these v~riables May need further irivesiigation . 
. " \ 
V. S. LOADING 
All the conclusions given above on the behavior· of 
the hypars are bas~d on the analysi~ for the uniformly distri-
buted verti~al loading. In reality the structures are also 
subjected to unsymmetrical loads such as wind or drifting 
snOlJ. The strength of, the- structurp under thes.e, ·kinds of .loads 
is tested more severely than under the conditions of uniform. 
loads. The unsymrnetrical.ly· loaded Struc. 18' ShO\'IS the: cor-
ner deflection 0b nearly·three ·times as large as that obtained 
for th~.uniform loading condition. 
A. EDGE MEMB.ER .l'!EIGHT 
.Incase. of some shells, such as.umbrella shells, the 
edge me~ber weight is distributed alone the periphery of the 
sne.ll. The cus tomary procedure of sJl1earing th is load un iforwly 
over the whole surface and analyzing the structure can lead to 
a, gross. underestimation of hoth the deflections and the 
stress~s. To de~onstra.te this, a!'. umbrella shell ,d th each 
quadr'ant of 20'x20' in plan having a rise of 4', (Table IV-I) 
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is an:,llyzed. The edge Tl'ember sizes ane the deflection to1er-
ances used for this structure represent the values which are 
encountered in practice. The deflection profiles and the bend-
inr stresses for the edge meMbers, wit~ and ~ithout the inc1u-
sion of edge rner.lr.er "Teights, are shown in Figs. 5.3 and 5.4. 
The weight of the edge ~e~)er is 20%"of the total uniform load 
of 40 psi over the whole surface. A simple frame analysis 
consic1erinr only the edge meJl'ber weight and edge rnemhers, would 
have given an increase of 0.74 inc~es in the deflection of 
point a (as against 0.33 inches) and 0.202 inches in the deflec-
tion of ~oint b relative to point a (as against 0.15 inch). 
This sholTS the effectiveness of the shell in carrying the 
weight of the edge members. The cable and the arch action along 
the diagonals ac and ob is evident in Firs. 5.3 and 5.4. The 




produces an upward de-
flection at the center of the span. 
The axial stresses for both the tension and the com-
pression members ShOh' an increase of nearly 20%. This is equal 
to the increase in the total load of the structure by the in-
elusion of the edge member weight. The bending stresses for 
both the tension and the compression edge members shm·J an in-
crease of nearly 50% in the rnaxiF'um stresses (Points 0 and a, 
Fi7. 5.4). The increase in the bending stresses clearly in-
dicatcs the unconservative assUToption of srr'earing the edge 
meJPber l.;cight over the whole surface. 
The effectiveness of the shell in carrying the weig~ts 
of the edge members raises an important question as to the 
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method.of·construction. The situation is analogous to that 
encountered' in 'a composi te cons truction using steel"beams and 
concrete slab .' There ,are three alternatives for the 'construc-
tion. Depending upon the size and,·shape of the sheil, ~ith the 
decks in posi tion, a hypar can be' buil t on t1:e 'ground and erected 
in position; or it can be built' in place by using- an adequate 
shoring fQr the edge memb0rs. In these meihods of ~onstruction, 
the effectiveness of the shell in carrying the weight of the 
edge member will be utilized. The third way ~f tbnstruction 
will eliminate the shoring and depend ~ntirely upon the strengths 
of the 'edge members. The economics ~ill obviously decide the 
method of construction. 
From the analysis of· the different structures, it is 
foupd tha.t the axial stresses in the edge members derived on 
the basis of the membrane theory are always overestim~ted 
(Table V-2). Because of the relativ~lY small magnitude of the 
edge meMber stresses in comparison with the bending stresses 
and "vi th the uncertain ty in the calculation of the exact bend-
ing stresses, the design of th~ edge membet~ for the l axial 
stresses based on the memhrane theory cannot be considered to 
be ona very conservative side ~'. 
From the analysis of different structures it appears 
th t th d · '. 1 . . t a.Cnt . d d . d . a .·e non- ImenSlona, parame er ~ provl es a goo In ex 
for th'e behavior of the shells. The higher the value of this 
constant, the more dominant' is·the membrane action. As dis-
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cussed earlier, the beneficial membrane action reduces both 
the bending stresses and the deflections of the shell. A 
second good non-dimensional parameter would be the relative 
stiffness of the deck and the edge ~embers. This however 
would need further study. 
CIL\PTEP VI 
n,rSTf.BI LITY ANALYSIS OF HYPAr~s 
VI.I. INTRODUCTION 
The linear stiffness analysis given in Chapter III does 
not include the effects of middle-surface forces Nx ' Ny and 
Nxy on the behavior of hypar sholls. The omission of these 
effects precludes tho possibility of the analysis of insta-
bility of the individual finite elements. The accumulation of 
the instabilities of the individual elements eventually leads 
to the general instability of the structure. 
In the case of a hypar 'dth light gage steel deck 
used as a shell surface, the effc:ct of the in-plane forces is 
manifested in three different types of instabilities: 
(1) Local Butkling - In the case of a n-tyfle open deck 
or a cellular deck (Fig. 2.2b and c) the deck is composed of 
flat plates. These individual plate components, depending 
upon the thickness to width ratio and the boundary restraint 
offered by the adj oining plates, may buckle locally ''''hen suh-
jected to in-plane compres5ive and shearing forces. In spite 
of the uncertainty in the degree of restraint offered by the 
adjoining plates, this local buckling can be approximated on 
the basis of the stress level in each component plate36 . The 
effect of t~e local buckling on the behavior of light gage 
beam section is discussed in detail in Pefs. 38, 39. 
The local buckling of the individual plate components 
-104-
-105-
results in the redistribution of the total stiffness of the 
shell. The theory used in this chapter does not account for 
the local buckling and therefore the effect of local buckling 
on the shell stiffness cannot be predicted. The local bucklinp 
can be prevented by choosing proper th_ickness to width ratio 
for each individual plate element. 
(2) Deck Bucklinp; - In this mode of buckling~ the edge 
beams re~ain stable whereas the deck, used as a shell, buckles 
as a unit. To understand the deck buckling, consider the 
umbrella shell in Fig. 4.2. The deck acts primarily as a com-
pression arch be~1cen the points 0 and b, and therefore it can 
buckle along the diagonal ob; but the shell edge members re-
main stable. 
(3) Overall Buckling - The shell and the edge meJ:1bers 
buckle as a 1'111ole unit. One can imagine c:m umbrella shell, 
folding- ·dOl'.Jfi as an umbrella turned inside out. Overall 
buckling could occur either simulataneously with the deck 
buckling or it can happen after the dec1. has buckled. 
According to a silnplified analysis by Parker19 , the 
possibility of overall buckling for the practical size of edge 
members is very remote. Very high values of deflections and 
stresses for both edge merrtl)ers and the deck will indicate the 
possibility of overall buckling. The conclusion that overall 
buckling is very unlitely is further verified by Struc. '9' 
(Table IV-I) tested at Cornell, 11There I;! cliameter standard 
pipes were used as edge ~eJ:1bers. The resulting structure was 
too flexible to be used in practice. In spite of excessive 
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. . 
deformations (nearly one half the rise of 14.4"), the struc-
ture did not shoN any tendency of overall buckling though the 
deck buckled. 
The present study was primarily ~oncerncd WILL d"rk 
buckling. However, the overall instability due to the buckling 
of the edge members can also be predicted from the load deflec-
tion curve. The assumptions used during the analysis and the 
limitations of the theory are as follows: 
(1) A linearized stability analysis was carri~d out to 
predict the bifurcation point of buckling 51 ,66. The prebuck-
ling deformations were within the limits of small deflection 
theory. 
(2) No attempt was made to predict post-buckling behavior 
or the post-bucklin~ stren~th. To be able to predict the 
post-buckling behavior, one needs to retain the higher order 
strain terms in the strain displacement relationships and have 
h o J d . 67 Ig1er or or matrlces . It is extremely difficult to formu-
late these Jr.atrices explicitly and one has to resort to 
numerical integration. The non-linear equations can be solved 
by the use of methods such as Newton-Raphson scheme 25 , energy 
1 h · 67 t searc~ tec nlque ,c c. 
(3) The possibility of local buckling was totally 
neglected. 
(4) The material was assumed to be linearly elastic. 
(5) Buckling- Has assumed to be conservati.ve 36 . 
Both curved and flat element approaches were used. 
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VI. 2. INCREr1ENTAL M/".TRIX Fon THE DECK AND EDGE ME1.,1BERS 
In order to represent the instability effect in the 
finite element analysis, the change in the potential energy 
due to the middle-surface forces N ,N and N ,which occurs 
x y xy 
durinp. the flexural action is to be included6f1 . For the con-
stant yalues of N
x
' Ny and Nxy at any prescribed load level, 
the potential energy due to in-plane forces assumes the form of, 
b a 2 2 
V .. = l f f [N (l~) +N CdW ) + 2N
xy (~lX·T) (~y, .. r) ] dxdy 6-1 i"J 2 0 0 x ax y ay 0 0 
With the inclusion of the work done by the in-nlane 
forces, the total potential energy can be vTri tten as, 
~ = [~j [K]{~} + [~] [N]{~} - [~]{P} 6-2 
For stable equilibrium, the first variation of the total po-
tential energy is zero. 
{P} = [[K] + [n]] {~} 6-3 
{P} = [K]eff {td 6-4 
The matrix [N] is called the incremental matrix and.itis ob-
tained by the second differential of the potential energy CEq. 
6-1) with respect to nodal displacements. 
a2vn [l'J] .. = 
1J d~id6j 6 - ) 
The coefficients of t l le increwentalmatrix PJ], depend only 
upon the geometrical parameters of an element, such as its 
length. The incremental matrix is identical for both ortho-
tropic and isotropic cases. 
For constant values of N
x
' Ny and !'ixy the incremental 
-1()8-~' 
matrix foi a', sh"allow shell hy,pa.r'elem~nt and, that, for' flat 
plate elements, ar,e; identical. The o~~y diff~rence is the manner 
,. .' 
in which ~he ,in-pla11:e forces are determ,ined (see Chapter III) . 
. The incremental matrix [N] for the deck is given in Appendix 
D, Tables D-I to D-IV. 
, Due to the presence of the, axial force l'!x' the effec-
, tive stiffne~s of a beam element is also modified. Neglecting 
the torsional mode of buckling, the potential energy due to the 
axial force N
x 
can be obtained by putting the values' of Ny an(~ 
N ,equal ,to ,zero, in I.q. 6-1. The procedure for determining 
xy 
the increroental matrix for the beam ~s identical with that for 
" 
the deck. The incremental matrix for a beam element is given 
in Appendix E. The incremental matrix for the whole structure 
is obtained by the same procedure as described for the formula-
tion of the master stiff~ess ~atrix in Ctapter III. 
VI.3. CHECKING OF THE INC~E~~NTAL MATRICES 
Before analyzing hypar structures, it is necessary 
to establish the validity of the incre~ental matrix given in 
Appendix D. The determination of the in-plane buckling loads 
( jlT N N ) for flat plates T)rovides a p:ood c'.;ecl(. A.t .. 
· x ' y , xy ., . . - "'. 
critical load, absolute magnitudes. of the deformations are 
indeterminate and the determinant of the effective stiffness 
matrix [Kl eff must vanish; 
I[[K]+ A [N]]I="o 6-6 
l\There A is the eigenvalue \,lhich'cl.epends upon the applied state 
of membrane stress e.g. for an uniaxiallY'cot!'pressed plate, 
along' the x-direction it 'l'lill giv~ eite'nvalues corresponding 
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to thein-plane force N
x 
(see Table VI-I). From the structural 
point of view, one is only interested in- 'the J'1inimuITl critical 
load. To achieve this, it is necessary to rearrange [q. 6-6 
to get the first eigenvalue corresponding to the critical 10a.do8 • 
I [} [I] + [K] -l[N]] , = 0 6-7 
The negative reciprocal of the first eigenvalue of the matrix 
[Q]; where, 
[Q] = [[K]-l[N]] 6-8 
''fill give the cri tical value of the JIlembrane force. A sub-
routine named I'NIWOT ' i available in the IBV system/360 Scientific 
69 Subroutine Package ,calculates eigenvalues and eigenvectors 
of a real, square, non-symmetric matrix given in Fq. 6-8, 
where both [K] and [N] are real symmetric matrices and [K] is 
real positive definite. In order to avoid underflow and over-
flow in the computer program, it is necessary to divide'both 
un and [K] matrices by some large number, like 1000. 
The first three problems solved were uniaxially com-
)Iressed simply-supported ?lates with or without stiffrners (Table 
VI -1) . In general, the bucklinfJ: in-plane force n (lbs/inch) 
x 




where K is a cons tan t depending upon the aspect rat io alb and 
also on the relative stiffness of the plate and the stiffener. 
The ratio of the stiffnesses of the plate and the stiffener are 
given by non-dimensional parameters y and 836 . 
EI Y = -D-b 
~ A 
u = bt 6-10 
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11 is the moment of inertia of "the eccentrically connected 
. :stiffener 'calculated about the junction of the stiffener and 
the plate. For these problems, the torsional mode of buckling 
of the stiffener is neglected. The error for the values of K 
for these three cases is less than 0.2% as compared to the 
classical solutions. One of the interesting observatiohs for 
these problems was that the plate with the aspect ratio of 
alb = 2, buckles in a double sine wave with zero deflection at 
the center line. HO'\\I'ever, with the attached stiffener it 
buckles in a single sine wave. \"hi Ie analyzing only a quad-
rant of a plate, proper boundary conditions are-to be. applied 
to account for this behavior. 
Since the shearing action is of primary importance 
in the case of hypars, the shear buckling loads for a square 
isotropic and for a 24-G standard corrugated flat deck were 
also calculated. The value obtained for the critical shear-
ing force IJ
xy in the i~otropic square is compared ,,,i th Timo-
shenk0 36 and that obtained for the corrugated deck is com-
pared wi th J·~cFarland48. The error bet1'Teen the class ical solu-
tions and that obtained in this study for the· shear bucl<:ling 
(N
xy) is more than that for the uniaxial compression (Nx). 
One reasen for the greater error is that the assumed displace-
Irent field for the. displacement t'1 (He·rmitian Interpolation) 
closely approximates. the buckled surface for an axial compres-
sion. To approximate the bpckled waveform due ·tn shearing-
load, a greater ~llmber of elernentsis: required to -achieve equal 
accuracy. The error for the critical shearing force for the 
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ortho trop ic deck is 7.46%; on the high side cOIl'pared "ri th a 
, simplified formula 48. ,. However, according to the authors 48 
'; their formula underestimates the cri tical load' by as much as 
by' 5%. Therefore the actual error may be considerably less 
than 7.46%. . The error for the isotropic plate wi th only A 
elements is 4.65% (Table VI-I). 
The correlationbet'veen the classical solutions 9 and 
the solutions obtained here is considerec adequate to sub-
stantiate the incremental matrices for tl1,e beam and the plate. 
A further check uill be presenteCl in the Section VI-6, for 
the case of an isotropic hypar for 'IThich a classical solution 
is available S • 
VI.4. INSTABILITY OF HYPARS 
The incref')ental matrix [N] is a function of the in-
plane forces N
x
' Ny and N
xy ' In the case of plate bucklin~ 
problems there is a complete uncoupling bet"leen the flexural 
and membrane action. This enables one to formulate the [N] 
matrix from a riven distribution of the in-plane forces which 
are predetermin~d~ independent of the flexural action. In the 
case of a hypar, or for tl:at matter arw curved shell surface, 
the values of N ,N and N arc dependent on th~ deflections. x y ,xy 
Nith the change in the applied loadinr:, the magnitudes of the 
in -plane forces also chanre. In other "lords ~ . there is a 
coupling betl-Ieen the membrane and flexural behavior. rle in-
crease in the in-plane forces resulting from the corresponding 
increase in the load causes some of the ele~ents to undergo a 
marked decrease in the effective stiffness. This reduction in 
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the effective stiffness of an element will adjust the incre-
.,' 
me.ntal force disitribution. The accuriu la tion of ;-t'hese local ; 
, 
eleme1'\t instabilities will eventually lead to Duckling. The: 
discussion of this membrane and flexural behavior for the shell 
structures is given in detail in qef~. 51, 66. 
The incremental [N] matrix used for both curved and 
I 
flat elements is identical and can be represented by, 
6-11 
The only difference is that u, v, and w for the flat 
elements are JTleasured along local axes whereas those in the case 
of the curved eleJ!1ents are measured along the tangent and nor-
mal to the surface. As pointed out in Chapter III, the tr~nsfor­
mation from the local to the global system for the flat cle-
ments can result in non-zero entries in all elements of the 
[N] matrix and the watrix assumes a generai form of, 
[n ]global = 
-nIl n11 
--------_. 
n21 nZ2 f~l 6-12 
whereas its basic form remains unaltered in the case of the 
curved element. 
VI. s. DETEm'~INATION OF THE BCCKLING LOAD 
The linear eigenvalue formulation for the determin-
ation of the e~genvalue and thereby the 10\\fest buckl'ing load 
is well documented .in the P.efs. 5l~ 66 and therefore it is not 
repeated here . , ,Because of tp.c lack of s. re liab Ie eigenvalue 
subroutine for the large-order systems and sufficl'ent computer 
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storage, Banavalkar could not use the direct eigenvalue approach. 
Instead, a linearized load incrementation :method had to be usee. 
In the load incrementation method~ as used by the 
author, the assumption is made that the in-plane forces n , 
x 
and Nxy are constant during an increynental step and are equal 
in magnitude to the value at the end of each step. The proce-
dure of the solution can be demonstrated by the use of Fig. 6.1. 
In the incremental step I, only linear analysis is 
carried out by solving the linear part of the equation assum-
inr [N] as a null matrix. 
[~] = [K] -1 [P] 6-13 
From the kno1-'TTI values of displacement vector [td, corresponding 
in-plane forces N
x
' tly and l'I xy are calculated and the incre-
mental matrix [N] is foryned. The effective stiffness matrix 
[K]eff is used in iterative cycle II. 
The iterative cycles are continued till convergence 
is obtained for the nodal displacements and consequently the 
incremental matrix [N] is consistent with the defoT~ations. 
It is found that for small incremental loads, convergence of 
displacements is obtained 'vi thin three or four cycles. An 
incremental load op is applied on the modified effective stiff-
ness matrix and the increase in the displace~ents 0 and ~ is 
calculated by finding new values of the in-plane forces at the 
end of the step II by the iteration as described before. The 
analysis is continued by applying the increynent of the load op 
on the previously determined effective stiffness watrix. 
Any sudden change in the lo'ad deflection curve be-
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tween any· two. load Je.vels indicates the occurrence of buc1<"ling. 
In this method it is. possible to predict only the range "vi thin 
,.,hich. the buck1 ingoccurs ... Since the solution ncar the un-
stable configuration is very sensitive, it is not possible to 
determine the exact point of buckling. 
VL' 6. NUMERICAL RESULTS At\iD THEIR DISCUSSION 
. . 5· Reissner analyzed the case of a simply supported 
isotropic hypar with edge members having infinite rigidity 
along their axes but having zero stiffness in a plane tangent 
to the shell surface. The saddle-shaped hypar, Struc. '~, 
(Table IV-I) was analyzed for these boundary conditions. The 
deflection profiles at three points along the compression dia-
2 gonal bf are plotted for the load level of 0.20-0.50 kgl"s/cm 
increased by the interval of o. I kgr"/ em? . The deflection pro-
files along the tension and the compression diagonals are Sh0Wn 
in Figs. 6.2, 6.3. The SUdden change of deflection profiles 
(Fi~s. 6.2, 6.3) between the loads 0.40 and 0.50 kgms/cm2 . 
clearly indicates that the bucklinr occurs between these two 
. 2 limits of loads and moreover close to 0.40 19rns/cm. The 
analysis based on the curved element for the S3Jlle structure, 
also predicts the load between the same range though some dif-
ferences in the defle~tion profiles are note~. 
The load thus predicted is slightly higher than that 
given by Reissner (0.38 kgms/cm2) but this is because of the 
fact that Reissner used linearized membrane analysis. To ver-
. . 
ify this fact, analys is l'las carried out ,,'here' predetermined 
membrane shearing force Nxy = ~ "'las used to establish the 
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incremental matrix. From the deflection profiles not shown 
herein, the buckling of the shell occurred between uniform 
loads of 0.35-0.4 kgms/crn2 which is in the range of the loads 
predicted by Reissner. One of the interesting points is that 
for the linear elastic analysj s. the normal deflections H Here 
symmetrical about the lines bf, dh, ce and ag (Fig. 4.1). 
18 Similar observations were also made by Deak . However, ar~~T 
the inclusion of the instability effects the sy~rnetry of the 
normal displacement is still retained about the diagonals bf 
and dh but there is no symmetry about the lines ce and ago This 
is because of the readjustment of the effective stiffness due 
to the in-plane tension and compression forces. 
In order to assess the effect of edge deflection and 
the stiffness of the edge ynembers on the buckling of the hypar 
d k b 11 h 11 . 1 C . . 1 h f ec , an um ro a s _e ~n t 1 AB ratIO equlva ent to t at 0 
Struc. '1' (Table IV-I) "'las analyzed for tuo different sizes 
of edge members. For all edge members of size 6x3 cms. (18 
sq.cm. cross-section area)~ it appears (Fig. 6.4) that buckling 
2 occurred bet\veen the loads 0.20 to 0.3 0 l~gms/ crn , \Ilhi ch is 
nearly ~ne half that of the all-supported case discussed before. 
28 According to Leet ,the buckling of the hypar shell primarilY 
depends upon the axial stiffness of the edge me~bers and not 
on the edge deflections. The boundary conditions used in 
Reissner's solution correspond to the infinite axial stiffness 
of the edge member. To verify Leet's conclusions, the same 
hypar 1,,,,"as analyzed wi th the edge beaJT1s having the sa:rne proper-
ties as those of the 6x3 size beam except for the cross-sec-
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tional,area, 'I:"hich '\'Jas increased froJT' 18 sq.cm. to 108 sq.crn. 
Though the deflection profiles did not show the buckling very 
2 clearly up to 0.50 kgrns/cm , there was a small deviation in 
the deflection profile. at about 0.40 kgms/cm2 (Fig. 6.S). It 
appears that the buckling depends upon the cross-sectional area 
of the edge member and not so much on the edge deflection. It 
is believed that for the stiff edge members used in Strucs. '11'-
'13' the deck buckling load can be predicted by calculating the 
bucklinq of a single quadrant of the umbrella shell ''lith a1l-
supported edres. 
TNO hypars ~ Struc. '13' ui th couble 28-G corrugated 
decks and Struc. '12' with a single 24-G corrugated deck were 
analyzed to determine the buckl ing load. In the case of a 
double deck structure, the deck buckling load is between the 
ranre 200 to 243 psf. (Fig. 6.6). Experimentally the struc-
ture was tested up·to 145 psf and no deck buckling was obser-
ved, though deck tearing .along the lines of connection was 
noticed. 
Struc. '12' with a 24-G single deck was analyzed 
usinfboth curved and flat elements. The experimentally ob-
served deck buckling load for this structure was in the viCinity 
of 75 psf, but from Figs. 6.7-6.9 hoth curved and flat ele-
ments analyses predict a lm'lcr budding load. One of the pos-
sible reasons for this is that the pressurized canvas bags 
used as loading devices, tend to offer some restraint to the 
buckling of the shell. It is known that even a small external 
restraint to the shell surface is adequate enough to raise the 
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buckling load substantially. Comparing the deflection pro-
files in Figs. 6.7-6.9 it appears that the flat eleJTlents pre-
dict the load in the vicinity of about 46 f'sf ,.rhereas the curved 
elements pr~dict the load in the vicinity of 60 psf. fis 
pointed out in Chapter IV, the curved and flat elements, for 
hypars "Ii th all edges supported give very close resul ts for 
the linear elastic analysis. It appears that the flat ele-
ments give very conserv~ltive results for the bucklinr of single 
decks. As pointed out in connection with Eq. 6-12 for the flat 
elements, the transformation of the incremental matrix from 
local to the 2lobal axes results in the modification of the 
flexural as "Jell as ll1embrane stiffnesses. Since the in-plane 
membrane stiffness for a corrugated deck is very small in the 
weak direction, a premature buckling could possibly be trig-
gered by the reduction in the rnerbrane stiffness. As against 
this 9 in the curved element formulation because of the 
assumptions used in the analysis, the merrtbrane stiffness is not 
modified. 
For a double deck or an isotropic deck, because of 
high in-plane rigidity in both directions 9 hoth wethods pre-
dict the buckling loads in the same range. As pointed out in 
Chapter IV, the bending action is very dominan t in t~e flat 
portion of the shell. But in the buckling analysis, the curva-
ture of the hypar in the center of the quadrant may be more 
critical. This fact occurs even more in the case of a single 
deck and therefore the curved eleTI1ent, which accounts: better 
for this curvature effect 9 probably predicts a hi~her load. 
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Reissner S in his analysis of buckling of isotr,opic 
hypar shell, has indicated that except for a difference in 
numerical coefficients, the critical in-plane shearing force 
for the shell differs from that of a flat plate by the fact 
that a thickness square factor is replaced by the product of 
. ' 
shell thickness and shell rise. HO't'lever, in the case of an 
orthotropic shell, the increase in the critical shearing force 
does not appear to be as high as in the case of an isotropic 
shell. Because of equal bending rigidities inboth directions, 
the buckling load for a double deck hypar shell appears to be 
three or four times larger than that of a single deck. This 
is also observed in the case of the critical shearing stress 
for a flat plate. 
Struc. '12' \-Jas also analyzed using the identical 
boundary conditions as the structure analyzed in Fig. 6.7, but 
allowing the edges to deflect. As pointed out previously, 
thougt the exact point of deck buckling is not known, the deck 
buckling occurs between the loads of 43.0-50.0 psf. The in-
teresting point to note here is that even though the deck 
buckled (Pips. 6.10, 6.11), the deflection of the edge wernbers 
was still quite linear. The same trend ,-.ras also observed dur-
ing the experiJ11en t. T~e bud-I in g also shO'tved a simi 1ar trend 
as ,jbserved in the case of an all-supported hypar. The deflec-
tion profile along the tension diagonal did not.s~ow any 
huckling (Fig. 6.10). 
It may not be convenient to analyze every structure 
in practice by this load incrementation :Jl1ethod. According to 
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Reissner 5 , the buckling load for an isotropic hypar shell is 
given as, 
qcr = 4(C/AB)2~D Et 6-14 
where D is the bending rigidity and Et is the membrane stiff-
ness. In the case of a double deck, the bending rigidities of 
the shell are equal in both the directions, however, the mem-
brane stiffness is affected by the shear rigidity factor a. If 
the equivalent thickness in the formula 6-14 is replaced by 
at, the estimated buckling load will be very conservative be-
cause of the fact that it will also underestimate the in-plane 
axial stiffness. In order to eliminate this underestimation 
of the axial stiffness the shear rigidity factor a is arbi-
trarily multiplied by 2(1+v) (the ratio of E/G for the parent 
material). 
qcr Double Deck = 4(~)2 ~2 Dy E(l+v)at 6-15 
This formula is a conservative approximation of the buckling 
load of hypars with double decks. 
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VI. 7.' DECIe BUCKLING BY THE ENERGY METHOD 
The buckling of isotropic hyperbolic paraboloid shells 
was investigated in a classical paper by ReissnerS. He devel-
oped the,general shallow shell theory and reduced it to two dif-
~ .' '; 
feren:t,ial equations in the displacement wand a stress function 
F. From these equations he studied the buckling of simply~ 
supported isotropic hypars under uniform load~ng. The assumed 
displacement w~s a double sine series and the form for the 
stress function F was assumed to b~ a double sine s~ries with 
an additional term containing xy. The substitution of these 
",-
series into the two equatiQns result in homogeneousalgebra~c 
equations because the sine terms drop out. The condition of 
non-trivial solution yields the buckling load: 
2E h2C2 
P c r =.----.. . :z:.:-2"' 
V3(1-v2) A B 
6-16 
.This solution was possible because each of the two dif-
ferential equations containec only one elastic constant: E 
in one equation and D in the other. Thus the sine terns could 
drop out. 
In the case of orthotropic shells these equations contain 
several elastic constants and therefore the sine terms would 
not drop out. This means that one cannot use these shallow 
shell equations to obtain reasonable buckling load. It may be 
possible to find very simple assumed functions for wand F but 
the accuracy of such a solution would probably be very poor. 
Another alternative approach uses energy principles. The 
potential energy of an orthotropic hypar shell is19 : 
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1 b a 2 2 2 V = - ;' ([D w + 2D w + D w + 4D w 2 .'. x xx 1 xx Wyy Y yy xy xy 
o 0 
2 
+ 4 Geffh (CIAB) w2 + 2Nxy Wx wyl dxdy 6-17 
The selection of an assumed buckling shape requires very 
careful attention. A double sine series is very difficult to 
use because of the complexity of the resulting arithmetic. 
Furthermore, the direction of the buckles is at an angle with 
the coordinate axes in the case of orthotropic shells and the 
deflection function must contain a factor which accounts for 
this fact. Several types of deflected shapes were tried. By 
far the best results were obtained using the following shape: 
w = sin !f sin [n1 (x-sy)] 6-18 
where the factor s represents the tangent of the angle of the 
buckles measured from the y axis and n is the number of buckled 
waves. This function was used by Timoshenko and Gere 36 and by 
48 Easley and McFarland for the buckling of shear diaphragms. 
This deflection assumption corresponds to a simply sup-
ported shell (or diaphragm) where B (and the y axis) is measured 
along the deformations (corrugations). Actually this expression 
does not satisfy w = 0 along the y axis, but comparisons with 
more exact analyses for the buckling of diaphragms showed48 
that this discrepancy is not serious. 
Substitution of the assumed w into the potential energy 
expression and integration yields: 
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where Ql = Dxa4 + 2Dl a
2b 2 + 2D l a




2b2s 2 + 4DXya
4s 2 + C' 
Q2 = 4Dya
2b2s 2 + 4DXya
2b2 
a = nw/A, b = w/B, 
Since V represents the change of potential energy under 
a deflection w, the condition V = 0 corresponds to the buckling 
load. Thus 
From the membrane theory N
xy = pAB/2C, thus 
Per = ~ (~)2 [Dxu2 + 2Dl(l+u2s2) + Dy(l/U 2 + u 2s4 + 6s 2) 
+ 4D (l+s2u1 + c/u2] xy 6-19 
where 
This expression has to be minimized with respect to the 
direction of the buckles (s) and the· number of buckles (n). 
This can easily be done by trial and error, using a computer. 
The analysis of the single-layer 24-Gage structure (No. 
12) gave 50 psf for the buckling load as compared with the 
experimental value of about 7S psf and the finite element analy-
sis of about 60 psf using curved elements. Minimum Occurs for 
n = 8 and the buckles form at an angle of 8.0 degrees with 
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the yaxis (Fig. 6.12). The buckling load was not very sensi-
tive to n and therefore the prediction of the number of buckles 
may not be accurate. 
For structure No. 13 (double-layers, 28 Gage) the above 
analysis resulted in a buckling load of 192 psf at n = 2 and 
at an angle of 35.6 degrees. The finite element analysis gave 
about 200 psf and the test structure did not buckle up to a 
load of 145 psf when loading was discontinued. 
The main advantage of this energy analysis of the buckling 
load is that it is very fast as compared with the finite element 
analysis. Simple supports are assumed and therefore the actual 
buckling load may be somewhat higher if some bending or in-plane 
fixity is present. The deflection of the edge members is not 
considered, but the finite element analysis showed (Section VI.6) 
that edge member deflections do not affect the deck bucklinf 
load appreciably. The deck buckling load is influenced by the 
area of the edge members. If the edge members are very slender 
then deflections will control; on the other hand, the above 
analysis should give conservative results for structures with 
heavy edge members. 
VI.7 STABILITY OF ISOLATED EDGE MEMBERS 
The edge members of a hypar structure receive uniform axial 
loads along their lengths from the deck. Some or all the edge 
members are in compression. The loading remains axial during 
the deformation of the edge menbers and therefore it constitutes 
a non-conservative force field. To obtain an approximate value 
of the buckling of the compression e~ge memb~rs, the membrane 
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shear force was applied to isolated edge members with various 
idealized boundary conditions. The buckling loads determined 
in this manner are conservative since the stiffening effect of 
the deck is neglected. 
The marginal member was analyzed both as a fixed free and 
a fixed pinned member. The equation used to solve the non-
conservative force field problem was: 
E I I V + S C L - x) y" + Hy = 0 y 6-20 
where S = the shear force, L = the column length, M = mass per 
unit length, y = deflection, and CO) means differentiation 
with respect to time. 
The solution of the differential equation was obtained by 
using Galerkin's Method for solving differential equations with 
non-constant coefficients. The numerical solution for the fixed 
free case was found in an article by V. H. Leipholz; "Die. Knick-
last des Einseitig Eingespannten Stabes mit Gleichmassig Ver-
tiel ter, Tangentia1er Uingsbe1astung", published in ZAMP, 13, 6, 
1962. 
The solution for the fixed pinned case was determined using 
the same method as described above, but a computer program was 
written to facilitate the trigonometric integrations and the 
mathematical solution. 
The numerical solutions are: 
Cq1)cr = 40.7 EI/12 for the fixed free case 
CQ1)cr = 122.6 EI/12 for the fixed pinned case 
where q = shear per unit length transferred from shell to 
marginal member. These values and some comparison values are 
given in Fig. 6.13. 
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The results show t}lat the buckling load of members loaded 
by tangential shear forces is very much greater than that of 
members under gravity load of constant direction parallel to 
the original, undeflected axis of the member. 
Thus, if case IV is compared with V, with loading and end 
conditions the same except for the direction of the load, it 
is seen that in the elastic range the edge member of a hypar 
will buckle at a load (1.12/0.49)2 = 5.2 times that which the 
same member would carry under uniform gravity load. Similarly, 
co&paring cases VI and VII, it is seen that the corresponding 
ratio is (0.436/0.284)2 = 2.4. 
If the total load which will make the edge member of a 
hypar buckle, is compared with that which the same member, 
loaded as a hinged-hinged Euler column (basic case) would carry, 
it is seen that the edge member in the fixed-free condition 
(case V) will carry (1/0.49)2 = 4.1 times the buckling load of 
the basic Euler column~ or, for the fixed-hinged condition 
(case VII) (1/0.284)2 = 12.4 times the basic Euler load. 
The above results do not represent a complete analysis of 
the problem, which is really one of buckling interaction between 
the edge member and the shell. However, if the shell action is 
close to that of a membrane, as in the case of light-gage steel 
hypars, the approximation should be reasonably good. This ap-
proximation shows that, while a buckling possibility exists, 
these edge members are very much more stable than they would 






An extensive experimental investigation was carried out. 
The purpose of the testing program was twofold: (1) to study 
the behavior of light gage steel hypar roofs subjected to verti-
cal loads and (2) to provide a comparison with analytical ap-
proaches. 
The following tests were carried out: 
I a) Sixteen flat shear tests - Properties and dimensions of 
all the specimens are presented in Table VII-I and a picture of 
one is shown in Fig. 7.1. It was necessary to carry out these 
tests to determine the shear rigidity G' of the decking used 
for the hypar models. Twelve specimens were 6' x 6' in plan, 
three \I!ere 5' x 5' in plan (all. referred to as "medium scale 
tests:;), and one\'!as l' xl' in plan ("small scale test"). 
b) Twelve saddle shaped hypar specimens - All of them were 
SI x 5' in plan with various rises (Table VII-2-VII-3). A 
picture of one is shown in Fig. 7.2. The specimens are desig-
nated by three numbers: the first one indicating the rise/span 
ratio, the second the number of layers of decking, and the 
third whether it is an original or duplicate. For example, 
for test no. 512, "SI! indicates a 1/5 rise/span ratio, "1" 
indicates one layer of decking, and "2" indicates that it is 
a duplicate test (each specimen was duplicated). 
c) Three inverted umbrellas with verl stiff ed~e beams 
-
Numbers 11, 12} 13 in Table IV-I. All were 12' x 12' in.plan 
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with a 14.411 rise. A picture of one is shown in Figure 7.3. 
They are referred to as "medium scale inverted umbrellas with 
very stiff edge beams". 
d) One small-scale inverted umbrella with very flexible 
edge beams. The model was 2' by 2' in plan with a 3" rise. 
The edge members '\vere made of 3/16" O.D. and 0.01411 thick brass 
tubes, two were used for the interior compression beams. Two 
layers of corrugated decking of 2 mil thickness formed the shell. 
The deck was soldered at every valley to the edge members. A 
picture of the model is shown in Figure 7.4. 
e) One medium scale inverted umbrella with very flexible 
edge beams - The model was 12' x 12' in plan with a 14.4'; rise, 
structure number 9, Table IV-I. A picture of it is shown in 
Figure 7.5. 
The tests are described in the following sections. 
VII.2 FLAT SHEAR TESTS 
1. Introduction 
A series of flat shear tests were conducted in order to 
determine the shear rigidity G' of corrugated steel decking. 
Luttrel1 45 investigated the shear behavior of light gage steel 
diaphragms. Based on the results of numerous tests he concluded 
that the primary variables influencing the shear rigidity are 
length of diaphragm parallel to the corrugations and spacing of 
connectors to the edge members in the direction perpendicular 
to the corrugations. It was also determined by Luttrell that 
the only reliable means of determining the shear rigidity of a 
given diaphragm with framw was by experiment. 
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The formula for G' developed by Luttrell accounts for the 
deflection due to shear alone by subtracting from the measured 
deflection the bending deflection of the cantilevered structure 
due to axial deformation of the edge members. The value of G' 
obtained from a given test can be applied to the following 
case: Any set-up with exactly the same spacing of diaphragm to 
edge member connections perpendicular to the corrugations, and 
the same diaphragm. The size of the edge members should have 
little or no effect. 
It may be applied with simple modifications to the follow-
ing cases: (1) everything the same except diaphragm has differ-
ent thickness - G' is (approximately) directly proportional to 
the thickness; (2) everything the same except length of frame 
parallel to the corrugations is different - new G' may be ob-
tained from Figures 4-23 and 4-24 in Reference 4S for box-rib 
and standard corrugated diaphragms, respectively. 
2. Edge Member Frame 
For all tests except two the edge members were light gage 
channels. Two different size channels were used. One, desig-
nated as "heavy frame", consisted of 6" x 1 1/2" X .1046 11 chan-
nels and the other, designated "light frame", consisted of 6" x 
3/4" X .1046" channels. For the other two tests, the frame was 
made up of tubing. 
3. j)ecking 
All the medium scale tests employed standard corrugated 
decking; including 24, 26, and 28 gage. Either one layer or 
two layers, with the second layer placed with the corrugations 
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perpendicular to those of the first layer, were used. 
The small scale test had 2 mil corrugated steel foil. 
This material was produced by United States Steel Corp. as a 
reinforcing center for cardboard cartons. Two layers, running 
transverse to each other, were used. 
4. Connections 
For the medium scale tests, #8 x 1/2 11 self-tapping screws 
were used to connect adjacent sheets to each other along the 
seams. #14 self-tapping screws with aluminum-backed neoprene 
washers were used to connect the decking to the edge members. 
For double layered decking, the second layer was attached to 
the first layer around the perimeter only with #8 x 1/2 11 self-
tapping screws. The spacing of connections for each test is 
given in Table VII.l. 
In test no. 14, the effect of the relative positions of 
the screws connecting the top layer to the bottom layer and 
the screws connecting the bottom layer to the edge members was 
noted. Referring to Figure 7.6, one possibility is shown in 
Ca) where the shear flow causes a region of compression between 
screws I and 2 and the bottom layer distorts considerably be-
tween screws 2 and 3. The other possibility is shown in Cb) 
where the shear flow now causes a region of tension between 
screws 1 and 2 and very little distortion of the bottom layer 
occurs. However, in this case, because of the tendency of the 
tensile region between screws 1 and 2 to flatten out, eventually 
screw #1 tears out of the bottom layer. 
For the small scale test, the top layer was soldered to 
the bottom layer at every point of contact around the perimeter 
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and the bottom layer was soldered to the edge members at every 
point of contact. One full panel was used for each layer. 
5. Loading Apparatus 
The mediuDl scale frames were placed in a horizontal plane 
and load was applied by means of a 50 ton hydraulic jack. 
Vertical support along the loaded edge was provided by rollers 
on beams. Reactions were provided by a fixed wall beam to 
which the frame was pinned. Steel bricks were placed on the 
loaded edge to prevent out-of-plane warping. 
The small scale frame was attached to a wooden frame with 
metal guides to prevent the specimen from warping out-of-plane. 
The entire set-up was placed in the vertical position in a 
Tinius-Olsen hydraulic testing machine and load was applied by 
the machine. 
6. Deflection Measurement 
For each test, deflections were measured by .001" dial 
gages •. At first, .0001'1 gages were tried but it was discovered 
that they are too sensitive because the readings obtained from 
then were erratic. Sufficient accuracy was obtained with the 
.001' gages. If possible the stem of the gage was placed in 
contact with the specimen, otherwise a thread was used to at-
tach the stem of the gage to the specimen. 
7. Determination of Shear Rigidity G' 
G' was determined by the use of the expression given by 
Luttrel14S . The initial linear portion of the load-deflection 
curve was used to obtain the slope. The customary testing pro-
". cedurewas to initially load the specimen to a predetermined 
value so as to seat all connections and then to conduct as many 
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loading cycles as necessary to get good agreement between the 
load-deflection curves of successive cycles. Usually, only 
two or three cycles ,~ere required. The dimensions, properties, 
and the values of G' and of a = G'/Gnt for each test are pre-
sented in Table VII.l. The load-deflection curve for test #14 
is shown in Fig. 7.7. 
VII.3 SADDLE SHAPED HYPAR TESTS 
1. Introduction 
A series of light gage steel hypar models, 5' x 5' in plan, 
with various curvatures were tested 1n an effort to determine 
if the shear rigidity as determined by a flat shear test is 
valid for the plate on elastic foundation approach. If an 
exact analysis of light gage steel hypars were possible, then 
it would appear that the experimental shear rigidity could be 
used with validity in the analy~is. However, the assumptions 
which were introduced into the approximate plate on elastic 
foundation approach may lead to errors in the results if the 
shear rigidity as determined by a flat shear test is used in 
the analysis. Better results may be obtained if a "fictitious" 
shear rigidity were calculated backwards from experimental de-
flections. Thus, it might be possible to determine the ficti-
tious shear rigidity as a function of the curvature. 
For the above reasons, the only variable in this series 
of tests was the rise, i.e. curvature. Three different rise/ 
spa~ ratios were employed, 1/8, 1/5, and 1/3; one set for 
single layer decking and the other for double layer. Two tests, 
one a duplicate of the other, were carried out for each rise/ 
span ratio and number of layers of decking. The tests were 
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designatedatcording.to the. rise/span ratio) number of layers, 
and £itst t~st or dupl.icate as explained in Section VII-l 
2. Details of TestSEecimens 
The edge beam frames with supports were the same for all 
the tests. They consi$ted of 311 O.D. x 1/4(1 wall thickness 
cold rolled steel tubular members welded together to give the 
correct rise/span ratio for each specimen. The diagonally op-
posite corners, two low and two high, al6ngwith the midpoints 
of each side were rigidly suppo~ted in the vertical direction 
by steel bricks (Fig. 7.2). rhis support system together with 
the fact thgt the tuLesbave a large bending rigidity was con-
sidered to offer continuous rigid support in the vertical 
direction. 
A tie bar, 2 1/2 Y; x 1/4" in cross-section, was used to 
limit the spreading of the tw~ low corners due to the vertical 
load. 
The decking was made up.of 28.gage standard corrugated 
steel sheets with. 2' cover. Three sheets were used for each 
layer, with the middle sheet cut to fit the 5' width. Single 
layered decking was connected to the edge beams by #14 self-
tapping screws with aluminum-backed neoprene washers at 8" 
spacing while the two seams were fastened together with #8 x 
1/2;! self-tapping screws at 2 2(3" spacing. For the double 
layered decks, the top layer was fastened to the bottom layer, 
around the perimeter only, with #8 x 1/2" self-tapping screws 
at 81! spacing. The two seams of the top layer were fastened 
together exactly the same as those of the bottom layer. 
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Uniform vert1cal loading was achieved with sand held in 
place by wooden sides and screeded to a uniform depth for each 
400 lb. (about 15 psi) load increment. 
For each one of the models, subsequent to the uniform load 
test, a partial load covering an 8" x 12" area was applied at 
the center of the same decking. These tests were designated 
with a "C". In addition, for each one of the two duplicate 
models with double layered decking and subsequent to the tests 
with unconnected decks, the two layers were fastened together 
with #8 x 1/2" self-tapping screws on an 8" square grid and 
subjected to uniform loading first and then the partial load-
ing on an 8" x 12" area. These tests were designated with an 
"I". 
Deflections were measured with .001" dial gages. Strains 
were measured at the center of the decking with SR-4 strain 
gages with 1" gage length. The strain gages were placed in a 
valley on the top side and on the adjacent crest on the bottom 
side, and in the direction parallel to the corrugations . They 
were also located at mid-length of the tie har, top and bottom, 
on some of the models. The purpose of the gages on the deck-
ing was to determine the axial and bending stresses at the 
center of the deck and on the tie bar was to determine the 
axial force in it. 
The experimental deflections and stresses at 40 psf for 
the saddle shaped hypar tests are presented in Tables VII-2 
and VII-3. The method of determini'ng the shear rigidity versus 
ctirvature (or rise/spariratio) by usirig the experimental 
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deflections in the plate on elastic foundation approximation 
I J, ;;.: 
";i ':~ . 
is presented in Section VII.'6. : 
~ :) ": ':, '" ·r ,'; f' 
VII.4 MEDIU~i'sCALE INVERTED UMBRELLAS l'flTR., ''ERY ~TIFF EDGE BEAMS 
1. Introduction 
',' .. ~ 
Three ~e({i~m sca-le models (Struct"\lTeS 11, 12, 13, Table 
" 
IV-I) were designed and'itested with:,i~·he main purpose being to 
check the theory for tIle buckling o{(~rthotropic hypar shells. 
", 
~, 
Therefore, edge beams ~ith' a large bending. rigidity were chosen 
so as to remain stable' when the d.,ec·~i;p.g buckled. Vertical de-
flections as well as strains were measured for the decking and 
the edge beams. 
" ,'if.' 
The same edge beam frame waS p~ed~for all three tests. It 
, :. J .. 
consisted of 3" O.D. x 1/4" wall: thickness cold rolled steel 
tubular members welded together. The dimensions of the full 
inverted umbrella were 12' x '12 '(vin plan, centerline to center-
line of the edge beams,'~ith a 14.4",rise (1/5 rise/span ratio). 
Each interior edge bearn'!'eonsiste~ of.. trIO, tu~ular members side 
by side (spot' welded to~g~t.he'r·;:~ti::l ;l:l,-2',~intervals) so that deck-
ing could b~' i f~steried; to: dn'fi' !of- !:th~:lI\eJllbers in a given quadrant 
and decking \ri ; JfI: adj ace/lit ::quaid·r·an1i· -~,ould be fastened to the 
adjacent memb~~. Therefor~irth~ plan dimensions of each quad-
rant were 70.5" x 10.5"~ d.mterlin,~~o. centerline of the edge 
beams. " ~" 
2. Details of Test SEecimens and Procedure 
Two of the mod~is'had one layer of standard corrugated 
steel decking, 28 gage for', One model and 24 gage for the other. 
The third model had two layers of 28 gage st,andard cOt,'rugated 
steel decking" .,: :'" "'" " ~ ,':;' .' " 
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For both of the models with one layer of decking, #14 self-
tapping screws at 8\1 spacing fastened the decking to the edge 
beams and #8 x 5/8" self-tapping screws at 2 2/3.1 spacing fas-
tened the seams together. Three panels, each with 2' cover, 
were used per quadrant. For the model with two layers of deck-
ing, the bottom layer was attached to the edge beams exactly as 
described above. The top layer was fastened to the bottom 
layer, around the perimeter only, "lith # 8 x 1/2 11 self -tapping 
screws at 8'; spacing. The seams for the top layer "Tere fas-
tened together exactly the same as those in the bottom layer 
as d~scribed above. 
For all three models, uniform normal air pressure was ap-
plied to the inverted umbrella shape by four rubberized canvas 
bags placed between the floor and the hypar in the inverted 
position. A water manometer was used to measure the pressure. 
Vertical deflections were measured by level sightings on 
meter sticks held at each location. Strains in the deckinp were 
measured with SR-4 gages with III gage length and those on the 
edge beams with SR-4 gages with 1/2" gage length. The vertical 
deflections, experinental axial stresses, and experimental 
bending stresses at 40 psf normal pressure are presented in 
Figs. 7.8-7.10. 
VII.S INVERTED UMBRELLAS WITH VERY FLEXIBLE EDGE BEAMS 
1. Introduction 
Two models were tested with extremely flexible edge beams. 
The purpose of these tests was to determine the mode of failure 
as well as to check how closely the failure could be predicted 
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by theory. 
2. Small Scale Model 
One of the inverted umbrellas with very flexible edge 
beams (Fig. 7.4) had overall plan dimensions of 2' x 2', center-
line to centerline of the perimeter edge beams, with a 3" rise 
(1/4 rise/span ratio). 
The edge beam frame was made up of 3/16'" O.D. x .014 n wall 
thickness brass tubes brazed together. The decking consisted 
of two layers of 2 mil corrugated steel sheets soldered together 
at each point of contact around the perimeter. The decking was 
soldered to the brass tubes at each point of contact. 
Uniform vertical loading was simulated by 64 discrete 
weights (16 per quadrant) hung from strings passing through very 
small holes in the decking and attached to 1" square pads. 
Vertical deflections were measured "lith .001" dial gages. 
The dial gages were positioned such that the stems did not 
touch the shell. To take a deflection reading, the stem of 
the gage was pressed until contact with the deck was made; 
avoiding the application of any force by the stem as much as 
possible. 
Experimental deflections at 40 psf load are presented in 
Fig. 7.11. 
Collapse of this model occurred at 73 psf. It was ini-
tiated by splitting of the decking along a row of holes through 
which the weights were suspended. This splitting caused the 
brass tubes to fail in bending very close to the central sup-
porting column. 
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3. Medium Scale Model 
The test set-up and procedure for this model were almost 
the same as for the 12' x 12' inverted umbrella with two layers 
of 28 gage decking described in Section VII.4 except for the 
size of the edge beams. 
The edge beams were II! nominal diameter standard weight 
black steel pipe with a 50 ksi yield point. 
The vertical deflections were measured with .001" dial 
gages. The stems of the gages were attached to the shell by 
means of thread which was glued to the structure. 
Experimental deflections and stresses at 40 psf load are 
presented in Fig. 7.12. 
VII.6 DISCUSSION OF EXPERIHENTAL RESULTS 
1. Shear Rigidity G' of Standard Corrugated Decks 
Comparison of the results for the flat shear tests, which 
are presented in Table VII-I, reveals that the variable having 
the largest effect on G' is the spacing of the connections to 
the edge members. In particular, the spacing transverse to the 
corrugations has the predominant effect whereas the spacing 
along the corrugations has little or no effect on G'. For 
example, screws at every third valley as in test no. 3 produce 
a G' approximately one-third that for screws at every valley 
(one-third the spacing) as in tests no. 1 and 2. 
According to Luttrel145 , another variable which affects 
the shear rigidity is the dimension along the corrugations; the 
larger this dimension the larger the shear rigidity. From the 
results presented in Table 3.1, it is not possible to verify 
Luttrell's finding conclusively. For test no. 8, with plan 
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dimensions of 5' x 5', G' is less than that for 6' x 6' test 
no. 5 but slightly more than that for 6' x 6' test no. 6. Thus, 
it appears that scatter in the test results masks any effect of 
the small variation in size. 
The spacing of seam connections and number of seams have no 
discernable effect on G' based on the results presented in Table 
VII-I. Also, it appears, at least for a limited range of thick-
nesses of panels, that the shear rigidity increases linearly with 
the thickness. For example, compare the results for tests no. 
5 and 7. 
Tests numbered 10 - 16 had two layers of decking running 
transverse to each other. In each case the top layer was con-
nected to the bottom layer along the edges, rather than being 
connected directly tot~eedge members. The effect of this ar-
rangement of connections is to make the top layer less effec-
tive in shear than the bottom layer, which is attached directly 
to the edge members. The reason for this is that any shear 
deformation which occurs in the bottom layer along the edge 
members occurs also in connections for the top layer which in 
turn reduces the effective shear stiffness of the top layer 
below that obtained by connecting the top layer directly to the 
edge beams. From Table VII-I, tests no. 10 and 11 versus 1 and 
2; 12 and 13 versus 4, 5, and 6; and 15 versus 8 and 9 show that 
the shear rigidity for the double layer tests is less than twice 
that for the corresponding single layer tests. It appears that 
connecting the second layer in this manner results in only a 33% 
increase in G' over that of the singie layer, although as men-
tioned previously the relative positions of the screws appear to 
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affect the shear rigidity. If all the connections between the 
two layers were such as to create the condition shown in Fig. 
7.6(b) then the shear rigidity should be larger than for the 
case shown in Fig. 7.6(a). 
Fig. 7.7 shows the load-deflection curve for test no. 14. 
The linear portion extends to about 1800 lbs. load which corre-
sponds to a shear Nxy = 25 lbs. per inch. Beyond this point, 
the curve indicates that the shear rigidity decreases with in-
creasing load. 
Figs. 7.8 and 7.9 indicate that the shear rigidity of 
standard corrugated steel decked ~ypars with a rise/span ratio 
~ 1/5 is somewhat (20 - 30%) less than that of the same flat 
deck. However, as mentioned briefly in Section VII.2) this in-
formation may be misleading because of the approximate plate on 
elastic foundation approach used in conjunction with the experi-
mental deflections to obtain these curves. Two factors were 
omitted in the theory used to obtain Figs 7.8 and 7.9, the in-
clusion of which indicate that the shear rigidity obtained from 
a flat shear test may be valid for the hypar shell. One of the 
factors omitted was the middle-surface deformations u and v. 
The other was the spreading of the low corners of the saddle 
shaped models. Even though a tie bar connected the low corners, 
tension in the tie bar caused by the shear forces resulted in 
its elongation. Duplicate tests no. 521 and 522 were chosen to 
illustrate the effect of these two factors. If the u, v dis-
placements are included then the resulting a is .046 instead of 
.042 as shown in Fig. 7.9 for the 12" rise. If, in addition, 
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the spreading of the low corners is included by introducing 
the stiffness of the tie bar into the analysis then the result-
ing a is approximately .05 which is the same as that obtained 
from the flat shear test. These results for only one example 
are not meant to be conclusive but the indication is that the 
shear rigidity in a warped element is not much different from 
that determined from a flat shear test. 
2. Bypar Deflections 
a) Saddle Shape Supported All Around 
Table VII-2 presents the maximum deflections at 40 psf for 
the models tested in this investigation. The results reveal 
the decrease in maximum deflection with increasing rise' as well 
as'the fact that the maximum deflection of a given model with 
two layers of decking is more than half that of the correspond-
ing model with one layer of decking; the reason being, as men-
tiori~d previously, that since the top layer is connected only 
to the bottom layer it is not as effective in shear as the bot-
tom layer and thus the rigidity of the single layered deck is 
more than half that of the double layered deck. 
Table VII-2(b) shows the effect of interconnecting two 
layers allover and not just around the perimeter. Test numbers 
with an "In indicate interconnected layers. The reduction in 
maximum deflection due to interconnecting is seen to be only 
10 - 20%. However, it appears that interconnecting would be 
necessary in practice to prevent chatter. 
Table VII-3 presents the maximum deflection due to a partial 
load covering an 8" x 12" area in the center. A comparison of 
the maximum deflection due to a 100 lb. load on a single layered 
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deck with that due to a 200 lb. load on a double layered deck 
reveals that a double layered deck is more than twice as rigid 
as a single layered deck for carrying a concentrated load; the 
reason being that a concentrated load on a single layer is car-
ried mainly by a few beam strips whereas on the double layer it 
is spread out and thus carried by more beam strips in each layer. 
For all the models tested, the maximum deflection due to a 100 
lb. load on a double layered deck is approximately one-third 
that for a single layered deck. 
b) Inverted Umbrellas With Very Stiff Edge Beams 
Figs. 7.l0(a)~ 7.l1(a), and 7.l2(a) show the measured verti-
cal deflection at 40 psf normal pressure for three inverted um-
brellas tested at Cornell. It is seen that difficulty in obtain-
ing symmetry was experienced. The lack of symmetry was probably 
due to unequal air pressures in the rubberized canvas bags. The 
bags were not entirely air tight so that unequal rates of leak-
age from the bags could have caused relatively large percentage 
variations in the pressures. 
c) Inverted Umbrellas with Very Flexible Edge Beams 
Figs. 7.13 and 7.l4(a) show the measured deflections at 
40 psf for the 2 ft by 2 ft small-scale test and test No.9, 
respectively. Fig. 7.13 reveals that rotation about one diagonal 
apparently occurred during testing of the small scale model. Fig. 
7.l4(a) shows that a reasonably good condition of symmetry was 
obtained for the medium scale model. For both models, it is 
apparent that the deflection at the free corners is much larger 
than that at the center of each quadrant. 
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3. Hypar Stresses 
a) Saddle Shape Supported all Around 
The experimental stresses presented in Table VII-2 reveal 
the difference in structural action between a very flat hypar' 
(rise/ span = 1.8) and one with a much larger curvature, (rise/ 
span = 1/3). ·The bending stresses in the models with a 1/8 rise/ 
span ratio are much greater than those in the models with a 1/3 
rise/span ratio. The decrease in bending with increasing rise/ 
span ratto ,is accompanied by an increase in membrane action as 
seen in·the last column of Table VII-2. The experimental force 
in the tie bar for the models with a 1/8 rise/span ratio is much 
less than ,th~t given by membrane theory whereas the force in the 
tie bar for the models with a 1/3 rise/span ratio is almost as 
large as that given by the YJembrane theory. Thus, it. is demon-
strated experimentally that for very flat hypars, shear stresses 
are much smaller than predicted by the membrane theory and that 
bending constitutes the major part of the structural action 
whereas for deep hypars (rise/span ~ 1/3) membrane stresses pre-
dominate with values close to those given by membrane theory and 
bending stresses are insignificant. The axial stresses in the 
deck] for all models, are seen to'. be insignificant. 
Table VII-3 shows that a concentrated load produces signif-
i~ant bending stresses, especially in the flat hypars, but very 
little membrane action. 
b) Inverted Umbrellas '1ith Very Stiff Edge Beams 
Figs. 7.l0(b), 7.ll(b), and 7.l2(b) show the axial and bend-
ing stresses obtained from strain measurements at 40 psf load 
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for the three models tested at Cornell. The axial stresses in 
the strong direction of the corrugated decking are seen to be 
quite erratic and do not indicate any consistent behavior. It 
appears that their magnitudes are too small to give reliable 
results. 
The bending stresses in the decking at the quadrant centers 
vary from 6200 to 10200 psi for the 28 gage single layer, from 
4800 to 5700 psi for the 24 gage single layer, and from 5100 to 
10200 psi in the bottom layer of the 28 gage double layer decking. 
The wide range of these values for each model indicates a con-
siderable departure from symmetry which was probably caused by 
unequal pressures applied to each quadrant. 
Experimental edge beam axial and bending stresses as well 
as edge beam axial stresses from the membrane theory are also 
shown in Figs. 7.l0(b), 7.ll(b), and 7.l2(b). It is difficult 
to observe consistent trends in the experimental axial stresses 
in the edge beams. In some locations they are very close to 
those values given by the membrane theory while at other loca-
tions the difference is quite large. It is to be expected that 
the experimental axial stresses would be less than those given 
by the membrane theory because of the fact that part of the load 
is carried by bending. However, the results for the three models 
do not give any indication as to whether or not this is the 
case. 
Again, referring to Figs. 7.l0(b), 7.ll(b), and 7.l2(b), 
the bending stresses at the mid-lengths of the perimeter beams 
for the two models with one layer of decking are larger in the 
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beams parallel to the weak direction of the decking. This is 
. " 
to be expected because the bending which occurs in the decking 
transmits a vertical shear loading to these edge beams. The 
bending stresses in the interior edge beans for all three models 
are small although the strains in these beams at points of rnaxi-
mum stress near the column were not measured. 
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CHAPTER VI I I 
SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 
The behavior of thin sieel hypars was studied experimental-
ly and analytically to determine the stresses, deflections, and 
buckling loads of such structures under various conditions. 
The experimental program consisted of tests on: a) Five 
inverted umbrella type hypar structures, b) Sixteen flat shear 
tests which were made to determine the shear rigidity of cor-
rugated steel decks used on the hypar models, c) Twelve saddle-
shaped hypars with different rises and with rigid edge supports 
. 
which were tested in order to evaluate the effect of rise or 
warping on the shear rigidity of decks. 
Several small-scale and single-quadrant exploratory tests 
preceded the above tests. The results are not included in this 
report because of experimental difficulties or uncertainties 
experienced with those models. 
Two different approaches based on the finite element method 
were used in the analysis of hypars. These approaches basically 
differ in the stiffness formulation for individual elements. In 
the first, a curved element rectangular in plan was developed 
on the basis of shallow shell theory. The displacements u, v, 
and \'1 used in the formulation of this element are measured along 
the tangents and normal to the surface. In the second approach, 
the actual shell surface was approximated by a series of flat 
plates assembled in the global coordinate system. The stiff-
ness matrices for the eccentrically connected edge members were 
developed. The effect of a tension tie rod and a column support 
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was incorporated in the analysis by repl~cing the physical struc-
tural members by idealized equivalent springs (see Section 1II-2F). 
Computer programs were developed for the analysis of ,hin-steel 
hypar structures. 
The linear elastic analysis is applicable for various types 
of hypar structures (e.g. umbrella shell, saddle-shape, etc.) 
and also for different loading conditions such as uniformly dis-
tributed load, unsymmetrical load and the load due to edge member 
weight. Deflections and stresses for both deck and edge members 
were calculated. 
The linear elastic analysis was further extended to include 
the instability effect introduced due to the in-plane forces Nx ' 
Ny and Nxy ' The load incrementation method was used to predict 
the deck buckling and the overall (edge member) buckling of the 
structure. 
The solutions available in the literature for both the linear 
elastic analysis (Refs. 17,19, 20, 21) and for the instability 
analysis S were co~pared with the solutions obtained in this study 
(Figs. 4.6, 4.8 and 6.2). The analytical results were further 
compared with the experimental work conducted at Cornell and 
also with test results available in the literature elsewhere33 ,65. 
Based on the finite element analysis of several structures 
and the comparison of analyses with available experimental and 
analytical results, the following observations evolved: 
In the case ,of ,hypars with all edges fully supported, and 
for hypars with very stiff edge members (Figs. 4.6, 4.8 and 4.33) 
the results of curved and flat elements show excellent correla-
tion. However, in the case of hypars with flexible edges (Fig. 
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4.23), the curved element formulation tends to underestimate 
the bending in the flat portion of the shell (e.g. free corner 
of an umbrella shell). In the case of a uniformly loaded hypar, 
the fully compatible l6-term Hermitian polynomial used for the 
normal displacement w, does not show any improvement· over a 12-
term non-compatible polynomial displacement field. 
The relative stiffness of the edge members to the decks is 
quite important from the point of view of behavior of shells. 
In the case of moment-free connections between the deck and the 
edge members, the type primarily investigated in this work, for 
very stiff edge members the deck tends to bend freely between 
the opposite sides. In the case of umbrella shells with flexible 
edge members, the deck supports the edge member at the free cor-
ner. The change in behavior of shells with stiff and flexible 
edge members is quite noticeable from the deflection profiles 
for Strucs. '9' and '13' (Table IV-I). 
The in-plane shearing rigidity of a hypar shell is of ut-
most importance in its behavior. The effective value of the 
shear modulus of the corrugated decks is given by Geff = aGo 
Depending upon the rise to span ratio of the hypar surface, the 
value of a~ determined by the flat shear test needs modification. 
It is recommended that a as obtained fron a flat test be reduced 
by 25% for single deck structures whereas it should be reduced 
by 20% for a double deck (Figs. 2.7-2.8). Since the deflections 
and the stresses of the hypar shell primarily depend upon the 
value of a, the conservative estimation of its value will provide 
a significant factor of safety for the structure. 
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Since a part of the vertical load is carried by bending 
action, the value of the membrane shearing force given by the 
membrane theory is on the conservative side. However, the 
analysis of several structures (Chapter IV) tends to indicate 
that over a major portion of the shell the value of the in-plane 
shear is very close to and at places somewhat higher than the 
membrane shear (Figs. 4.19,4.28). Connections between the ad-
joining panels designed on the basis of the membrane shear, are 
considered adequate. 
The axial forces calculated in the edge member on the basis 
of the membrane theory are on the conservative side (see Table 
V-Z). The axial stresses form a relatively small portion of the 
total stresses (axial + bending) in the edge members. Therefore 
the computation of the axial stresses in the edge member on the 
basis of the membrane theory neglecting the bending stresses, 
cannot be considered as conservative. 
The eccentric connections of the edge members to the deck 
have a pronounced effect on the deflections of the shell (Figs. 
4.13,4.17). With a proper choice of the eccentricity, the in-
fluence of the eccentric connection can be used to advantage 
(see Chapter V) to reduce deflections. 
As indicated in the analysis of Struc. '8' (Table IV-I) 
unsymmetrical loadine in an umbrella roof produces considerably 
larger deflections and stresses (Fig. 4.20) than uniform loading. 
The unsymmetrical load due to wind or drifting of snow should be 
given due consideration in selection of decks and edge member 
sizes. 
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T!le weight of the edge members is partly carried by the 
shell action. To average it over the whole surface of the shell 
will underestimate the bending stresses in the edge members (Figs. 
5.3, 5.4). The effect of the edge member weight on the behavior 
of the shell will depend upon the construction procedure. 
The effect of the amount of restraint against spreading of 
the low corners of saddle-shaped hypars on the deflection of the 
center of the shell was studied by means of numerical examples. 
It was found that a tie bar connecting the points of support is 
very effective in restraining the outward movement of the supports 
and thus in reducing the center deflections. Edge members with 
large bending rigidity in a horizontal plane also restrain the 
spreading of the supports effectively. 
Partial loading on hypars was studied to a very limited 
extent experimentally. Loads were applied on an 8 in. by 12 in. 
area in the center of the saddle-shaped models with rigid supports 
around the perimeter. It was found that such a loading on a 
single layer of corrugated decking produces a maximum deflection 
three times that for two layers of corrugated decking. There-
fore, tlvO layers of deckinr are recommended for hypars which will 
be subjected to significant loads on small areas. 
The linear elastic analysis adequately represents the be-
havior of the shell for low levels of loads. However, as the 
load level increases it is necessary to incorporate the effects 
of instability in the analysis. 
The. buckling in hypar shells using a light gage corrugated 
open deck is manifested in three different forms. The individual 
plate elements composing the deck may show local buckling when 
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subjected to in-plane shearing or axial forces. This however, 
can be prevented by a proper choice of thickness to width ratio 
for each plate element. Deck buckling takes place when the deck 
acting as a unit buckles along the compression arch (Chapter VI) 
while the edge members are still stable. Overall buckling of 
.the shell is defined as the one when the edge members along with 
the deck buckle simultaneously. For practical sizes of edge 
members there is only a very remote possibility of overall 
b 'I" 19 UC.i( lng • 
Though the magnitude of the deck stresses is quite low, 
the possibility of the deck buckling must not be overlooked. 
Two decks placed perpendicular to each other for the same geomet-
ric configuration of the shell will increase the deck buckling 
load roughly three to four times compared with that for a single 
deck. From the analysis it appears that the axial stiffness of 
the edge members is more important than the deflections of the 
edges as far as deck buckling is concerned. It also appears 
that the deck buckling load is roughly proportional to the area 
of the edge mernber~. 
The membrane action in the shell increases and the bending 
action decreases ~rith increase in the rise to span ratio, thick-
ness t, and shear rigidity factor a. A non-dimensionalized param-
eter ~ can be used as a good index for the behavior of the 
shell. A higher value of this non-dimensionalized parameter 
indicates reduction in the vertical deflection as well as in the 
bending stresses for both the deck and the edge members. Further-
more, it will increase the buckling load. 
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Though this investigation resulted in acceptable and re-
liable methods of analysis, the following recommendations can 
be made for future analytical work: 
The computer program using flat elements for the stiffness 
analysis gave consistent results. It is not clearly established 
as to whether the deficiency of the curved elements in predict-
ing deflections and bending stresses near the flat free corner 
of an umbrella shell is due to element stiffness formulation or 
whether its due to the use of stiffening eccentric edge members. 
As for the response of. the structure, for the variations of dif-
ferent parameters (rise to span ratio, a, etc.) both curved and 
flat elements in general give the same pattern. 
The assumption of shallowness of the shell surface is used 
in applying boundary conditions. This limitation can be elimi-
nated by a suitable choice of local coordinate axes along the 
boundaries. This will need additional computer programming. 
The computer program can incorporate the beams built along 
the lines of generators. However, their influence on improving 
the shear rigidity and reducing the deflection of the shell is 
not studied. The local release of forces such as hinge connec-
tion (moment-free) was not incorporated in the solution. 
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The elastic properties along principal directions of 
," 
orthotropy are given for both closed and open decks. A detailed 
computation of the elastic constants for an orthotropic deck 
are reported in Refs. 34, 35, 36, 37, 40,.:11, 46, 47,48. 
A - f COP.PUCATED OPEN PECK 
Fig. Al (a) shmlls an arbitrary cross-section of unit 
length, in y-direction, for an open deck. 
A- Ia rr.embrane Constants 
EX = The extensional clastic constant for the equi-
v~lent orthotropic plate, is obtained by equatihg the extension 
Ax between the physical and the idealized system. 
From Fig. AI(a), 
A-I 
For constant thickness t of the dec}.., 
PR, s Z2 t 6 = LtIo ! -r ds x 0 
A-2 





where Iy' is the moment of inertia of the cross-section, per 
unit length, about the line of action of load P, which coin-
cides with the x-axis. 
For the equivalent flat plate, (Fie· A1 (b)), 
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PQ, 
6x =-E xt 
Equating equations A-2, A-3 and A-4, we get 
10 
Ex = Iy' f: 
The other mCI!lbrane constants are given in Table A-I. 
A-Ib Bending Rigidities 
A··4 
cA- 5 
Bendinp- rigidities for the x and y-directions are 
given in Table A-I. The method of determining the constan~ is 
given in Pef. 35. For the orthotropic plate, the twisting con-
st~nts Dxy and Dyx are not equal and hence the average values 
f 1 d · hI· 3S •.. d· o tlese constants are use ln t.e ana .YSlS • r lnor eVla-
tions in the properties of P
x 
and J are noted in Pefs. 48,54, 
xy 
ho~!ever, the small deviations in these relatively uniwportant 
properties are considered of no consequence at all. 
1\-11 CELLULAR CLOSED DECK 
The Fig. A3 shoVls a typical c(·llular deck "There a 
trapezoidal hat section is connected to the base plate. 
}\-IIa j";embrane Constants 
The principle for the computation of membrane con-
stants for the closed decks is the same as that for the open 
dec}, However, because of the continuous base plate, certain 
modifications in the constants, such as Exy and ~yx' are re-
quired. E - Assuminr. full fixity bet,"een the base plate and 
x 
the hat (Fip. A3), for Be, 
A-6 




Exh = -r;-'- A-7 
I't is the ~oment of inertia of the hat portion about the base y 
plate. By compatibility, 
1\ - 8 
The equivalent orthotropic plate is assumed to b~ of the thick-
ness t l , 
E = x 
E p, -9 
For all practical purposes, the denOMinator of the above equa-
tion (A-g) is equal to unity. 
A-lO 
Ey and Vyx - If the full cross-section in Fir. A3 is effective 
in resistinr the axial force along the y-axis then, 
EA 
E ---.J.. 
'y - /Ix A-II 
where Ay is the cross-sectional area of the section sh:wn in 
Fig. A3" Dy the ::axl'lell-Betti reciprocal theorem, 
A 




The shear rigidity for the closed deck can be considered equal 
to that of the base plate which is usually directly connected 
to the edge me~~ers. Even a thin plate interconnecting the 
free hat portions will increase the effective shear rigidity of 
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the section. However, the cost of construction will have to be 
taken into consideration in this approach. 
A-lIb Bending Properties 
These properties are given in the Table A-I. 
A-IIc Torsional Rigidity 
Here again the values of Dxy and Dyx are not equal. 
As shown in Fig. AS' the value of Dxy is negligibly small as 
compared to that of Dyx. 
usin~ Brendt's formula 46 • 




· r A-14 
where Ac is equal to the area enclosed by the cellular hat 
portion. 
However, the magnitude of Dyx tacitly assumes that 
the shape of the deck does not deform (dotted lines in Fig. A4)47. 
The in~plane shear forces set up due to the twisting, produce 
secondary bending moments in the individual plates. Besides, 
the bending of the overhanging plate, outside the cellular 
portion, further adds flexibility to the cellular section. 
In order to account for this reduction in torsional 
stiffness, an effective torsional rigidity of the cellular deck 
is defined as the torsional rigidity of the ideal system (shown 
by the dotted lines in Fig. A4), free from individual plate 
flexural deformations. The work of the deformations due to the 
torsion of an idealized system is equated with the work due 
to torsion and secondary flexure. The modified twisting 




= c { (15+2h f) + 
t2 
1 1 
~} Rred R, 
tl 
A-IS 
The reduction factors given in Ref. 47 were checked. The 
method of calculating the reduction factors is given in the 
Ref. 46. As pointed out in Chapter II, the warping49 stiffness 























Fig. A3 Cellular Deck 
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Assumed Hinges 
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APPENDIX B 
STI FFNESS ~ ,ATRICES 
The stiffness of the curved elerent is given in three 
parts: I : r:ernbrane Sti ffne ss (u, v, disp lacernen ts); I I : Bend-
ing St iffness ('Ii!, ex' ey ~ 6xy); I II: The coupled terms of 
u, v and w. 
I: r\~EImnA~JE STIFFNESS VATRIX [IC] m 
TABLE B-I 








4> 1 1 
3 4" 4" 
¢l 4 
b a 















- 6b - 6a 
4>10 a b 
"3f) .. 6a 
¢II 
b a e.g. = 3a Ext + -E 3b xyt 
II; BENDING STIFFNESS ~1ATPIX [K)bb + [K]bb:rn 
All terms multiplied by C1 are resulted because 
shear strain depends upon the Vi terIPS as well (see Eq. 3-~c). 
These terms follow the same pattern as the bendinE'" stiffness 
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35 a3 35 b2 2S a 25 a 3 
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35- a 2 35 b 3 25 5" - 25 b 3 a b 
156 b 54 a 144 1 
-"""35 """3 35 ~ ~ ab 
a [) 
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78 b 13 a 2 
3'- 2 3S b3 ~ a 
13 b 2 27 a 
35 a3' 35 ~2 
27 b 13 a2 
-rS~ --~ a~ -35 h 3 
12 1 






















































13 b 2 78 a 12 1 6 1 
169 2b2 36 a 
234 ab 
- .35 a 3 . 3S b2 25 a 2S a 
______ • ______________ 1: .~' __ --.--~--
27 b 22 a 2 12 1 36 1 
- 35 ~2 35 h3 25·f) 25 b 
13 b 2 11 a 2 1 3 
- 70 a2 3S :-r 25 25 
l) 
143 ZbZ 18 a 
--~----- 4 b~3-----s-2--a--------1-6--b------8--b-------5-2--a-b-3--
S 17 3S ~ 35 b 25 a 25 a 3 
626 
11 h 2·, 
- 35 2,·· 
a. 
3 2 b ' .. 




4 b 3 18 a 16b 





2 b 3 '13--;Z ---4---'----2-, -b-----1-3--Z -3-
3S ~ - 105 b 75 b 7S 9" a b 
3 b 3 9 a -4-b.,----2 b 2. ab3 






- 70"2 - 210·f,--: - 7S - 150 IT a 
a 
3 b 3 26 a :, 4 b 2 b 
- 35 a 3 35 b. 25: a - 25 a 
·3 b 3 
- 7O'-Z 
a 
13 ab 3 
* ~ 3 ~ :: ~~ . ~ 2 ~ ~ 5 ~ a 3b 




26 b 3 a 3 





11 b 2 3 a3 
-105 a 70 b2 
9 b 
3Sa 
18 b 4 a3 
35 a 3S b3 
13 b 2 2 a 3 












2 a 9 3 
25 b "2 a b 
2 13 a3b2 75 a 9"-
R b ! a3b 3 225 a 9 
4 2 a 3b3 
a'o b 225 225 a -3-
III: COUPLING rfATRIX [K]b 
_____ m 
These terms are formed due to the coupling of u, v 
and w displacements (see Eq. 3-9c) 
C - F (C) 2 - "xyt AAxB13 
The stiffness matrix for the curved element can be 
reduced to that of a flat plate by putting c=o; whereby (1=0 
and C2=0. The schematic representation of these two matrices 
is shm·m in Eqs. 3-20 and 3-21. 
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TABLE B-111 
Coeff. C2 Coeff. Cz Coeff. C2 Coeff. C2 
7 3 7 613 
_-1 b 2 81 W a 65 2(fa 69 ZOh 30 
-
62 
7 ab 66 
1 
.-! b2 614 
1 2 
120 40 ab 610 20 180 ab 
83 
1 2 67 
1 2 611 
1 2 
-YO a 30 a 120 ab 
.. 1 . 2 1 2 3 64 120 a b 68 -180 a b 612 ZOb 
"lA, \ v, i "'-'. I 8)(.,1 B::l,lexlr,IUz./ V>-l w.z.1 ex~ ea'l-le'X~l.l ~31 vJ I W3 i e~31 t9~hl e~~ 'U'f I V4-1 wif I e~lfIG111f1 e1(.~" 
CP;'~2.j e, 6 L 63 e4 ~414>3 6s ' 9, e.7 e& C:P5 -cf'l. 8 5 1- B, E1 7 '-ei C:Pc, -<P?, 6,1-81-1831-84 'tA, 
14'7: ect ,e'O-el. 6 11 -CP~~f-L~~<1. 8'0 e2. -6,,-1'2. pq 8'2 e,,!> e(l 9,t,J. c}3 4>'0 8,21 el~i-e"I-'~: .~~~ r~, fol. i /:>3 fol# 6 5 -6:t!.5 (l>b fo7 j3g -GS -:e'2 ~~ j3,olpll /;':J. -8 , e,2.. fo'31;8llfi#i5"lfoi" w, 
fo, 7 l !>,S i /;''1 e, -B,o~, (l>2.ol-j3g ~~, -e, 8'3 -/.)10 ~1.2 flit. fi;;.! -Bl. -e'3 -j3i4-i (3J../fifo ffa 1f32.5.~~.! 
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/33Lf -e8 -B,d-/3 g 1-~~:Ufo2.9 /3 35 e g I-~lf foo _ 'rf!,2.~~f3JI ;33,..,..e/.l e,,/~j3"~:z.51-;g33ifo37 e,,-~, 
<PI -i'2,i 8 1 82. -G,3 -84- 4' "i<P~ I til ;-82. -e,3 et,J. 1?s ~2. 8 5 1- e,,:-87 1 6 8 l.\z. ~ p., i- 9'1 j- 9 /0 - e2.. 61/ - 1>& cf/oj- 8'l.i -9,31- e" - e,lt ~2' i <tq - 9/,.j- 8'3; e" i e'4 I--.~ 
(61 I f2- -/33 -/3'f -e l !-a'2.iPi~! fol4 -(315 -fib -65 8 1l.i ft 'j r folD -Pil '-A2-:: 
f> 1.7 - ~I g -,t; 19 __ 67- e 13 i- 1611#! f; 2.4 -foi" ~"z. 5 - G6 - ei 3.l-fi".\! f2.1. -/~j:z.-/32.3 e ~l. 
. "I iA ,a .! (l, 1 /3 t1, J1. e /32.&,1327 6 3 -G'~f6,S:f3I" 1/"'32.r33I-e.,i G<:,J/J ;-/t:z..r30 /-'31 a" 
~-- . t---.-----------.--~ - ~.-
1>34 8 4 G'>f ~i";-/6:z.5:-/)n:j337I-e8!-e,Ji-A2..,/\'!>i-;331 />3" e,.,o~ 
SYMMETRIC 
cp 1'2,- 8 , G2,. 8 3 ,-G4- 1'4 1'." - 135 G~ 8'7 '-Glj '-'3 · _ 
I 1'7- Gq 6'0 - e~ r -Gil f-<Ri ~ i;- G'f G'19, G 2.. G 1/ v_3 
j3, -32. -{!> l}. - e5 i 8'1 f!>~ -;3 .-/3 /3 g W,3 
. 1--'-.1> . --_"!: ---.-~-- --.. ---~3 ---;.,--.!~=?_--'-~~ :._-
Il. f3 -t2. e,.:-6 -/ j _j_':'l t;;x 
• i -,"1 . I g !-'1't to • 10 I ~ !:&.o ,8 1::- i 3 
I (3---- -- --~ -'- ---G--t---..,--- , - .., ;l e· ---
_I;) _ . ,"""I .0 '~_ ..... 2" i;,)ZI ~_].. /"'1,_.~ , .. :l.~ 1."1 :t3 TABLE B-IV 
CURVED ELE~ffiNT STIFFNESS MATRIX [K] f.>3~ G8 6 11 -/3B /3 21 -/32'1/~_~5 &"-'!3 
'fi -<t1- -G 1 G ... - f:3 & .. :... ... 
--"-t-;--------.. < .•• - - - -.. , •• 
cT7, G1 - ~,~~_6b_~_~1.~ 
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A typical deck element 1-Z-3-4 rectangular in plan is 
shown in FiB. CI . The deck forces and the deck ~oments with 
notations shmm in Figs. 3.2 and 3.3 are calculated at the center 
point o .. The deck in-plane forces and moments are calculated 
for a curved clement using the strain displacement relationships 
~ive.n in Eqs. 3-9 and 3-10. The forces for the flat ele~ents 
can be deduced froro the expressions given beloN. The t,<TO Jnaj or 
differ.ences are: (a) c=o ; (b) The local nodal disp lacements 
in the local axes for each element are to be used. 
C-l 
C-Z 
; 1 = (u, y + v - 2 f__ ,-,) E 
xy ~X AB xyt 
- ~ [(",: +w +w +~'T )/2+(8 +8 -8 -8 ) b 1~ 1 Z 3 4 Xl X z x3 x 4 8 
a ab + (-8 +8 -8 -8 ) - + (8 -8 +8 -8 )...-)} C-3 
YI Y2 Y3 Y4 8 xYl xY2 xY3 xY4 J2 
\,,1 'xx = [(8 yl -8y2 -8y3 +8y4 ) /2a+ (-8xYI+exy2 -eXY3+8xY4)h-l C-4 
lV,yy + [( - exl - ux2 +&x3+ 6 x4) /2b+ ( - 9xyl + e xy2 - 8xy3 +Oxy4) ~b] C - 5 
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The moments per unit length can be obtained 
;' i x = - [D x'lT 'xx + D I W , yy 1 
;ly = - [D1lV 'xx + Dy"'! ;yyl 
C-6 
C-7 
Fie. Cz shO\vs the bending stresses lvhich could be 
intrcduced due to the local ben~in? of each individual plate 




















l~i g. C 1 neck Forces at Point '0'. 
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INCmn"ENTAL l~ATRIX FOR THE DECK 
For si~p1icity, the ~atrix is split up into two 
parts. [N] 1 l·rhich contains the terms corresponding to the in-
plane forces 'I and 1'-1 whereas the matrix [:N]2 contains the l'<x 'y 
terms corresponding to the shearing force -, 1"1 
xy 
[N] = [N] 1 + [N] 2 )1-1 
TABLE D-I 
-----------------------------~----------------------------
Coeff. N N Coeff. N N 
x y x y 
78 b -7S--a 27 b 78 a 
4>1 175 a 175 b 4>13 175 a - 175 b 
--~------~~--~--~-
11 b2 13 13 b 2 13 
4>2 175 a 350 a 4>14 - 350 a 350 a 
-~-------'-1~3;.........:.~-~·-~1..:...1-a-'2,.-1---=-':.....----~;:...9.::.......;b:.....-----...::.-=-1..:-1-a-.,2.,--
4» - 350 b - 175 f)- 4>15 - 700 175 b 
--------------------~~--~-----------------------------
11 2 11 2 13 2 11 2 
¢4 2TIfO b 2T6O a ¢16 - 4200 b 2100 a 
--.~~~---~~---~--~~~---
78 b 27 a 2 h 3 26 
¢ 5 - ITS a 175 1) ¢ 17 175 a 525 ab 
--=-------'--- ---
II b2 9 11 2 11 2 
¢6 - m- a 700 a 4>18 - 211)0 b - 2100 a 
--
13 13 a 2 1 3 11 2 
¢7 - 350 b 350 0 ¢19 1050 b 1575 a b 
11 2 13 2 2 ~3 5 
¢S 2100 b - 4200 a ¢20 - 175 a 175 ab 
--~----~~~2·~7~b~--~~~2-~7·-a----~ 1 ·~3---~~1~3~~2--
¢g - 175 a - 175 b 4>21 1050 b - ~ a b 
---------- -+--~~----~~~~-=---
13 b 2 9 3 b 3 3 
¢10 350- a 700 a ¢22 350 a - 707f ab 
---
9 13 a 2 1 3 13 2 
4>11 - 700 b - 350 f)-- ¢23 - 1400 b 12600 a b 
-~-------'---------
132 132 31--' 
4>12 - 4200 b - 4200 a 4>24 - 350 i~ 
---------~~~----------
13 











- 1575 ab -
<1>28 
13 

















b 8 3 10 
e.g. N(1,4) 
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r ~y Coeff. Nx 
11 2 .. 
6300 a b ¢~ 175 ab J. 
2 a 3 
¢33 
13 2 
17"50 3150 an 
1 3 
1050 a ¢34 ' 2 b3 1575 a 
3 a 3 
¢35 
1 . 3 
350 b - 3150 ab 
1 :) 
1401) a C/>36 1 3 4200 ab 
3 a 3 1 3 
350 0 <1>37 - 1050 ab 
1 3 
14()O a 
TABLE D- II 
Coeff. N Coeff. xy 
84 
.a 




















1575 a b 
1 3 
- 1(150 a b 
1 3 
4200 a b 
1 3 
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<l>17-¢;-S--¢19 ¢c ¢20 -¢ ¢21 -¢10 ¢22 <1>12 ¢Z 3 .. <P ¢24 <1>16 
~. 




<1>8 <1>28 <1>29 -<P 11 <1>12 <1>3 0 <1>31 <1>15 -<1>16 <1>32 <1>33 ey1 7 
-----~34 .. ¢3S' -"------<1>8 -<1>21 <1>29 <1>12 -<1>23 -<Pbl <1>36 -<1>16 <P2S -<1>33 <1>37 e xyl 
¢l-~2-' 
-<I> 3 -<I> 4 
.-.- <1>13--
<1>14 -<P1-S -~ <I> 16 ---¢9--- <1>10 -<1>11 -<1>12 w2 
-'-¢17'-
-<1>18 -<1>19 -<1>14 4>24 -¢16 -<I>z 5 -1>l(;-~-i -<1>12 -<I>Z3 ex2 
<l>2( <P27 -<1>15 <1>16 ¢ <1>33 <Pll -<P 12 <P,o <1>31 eyZ 32 
-_. --¢34----<I>16 
- <P 2-5 -¢ 3 3 4>37 -<P 12 ¢Z3 -4>31 <1>36 e xE 
<1>1 --<p;-T <P4 <PS -<P -<I> <1>8 w3 ,_ 3 6 7 
---.--
SYI1T,TPIC <P17 <P 18 -<PIg -<I> 6 <1>20 -<P 8 -<1>21 8x3 
<P 26 -<1>27 <1>7 <1>8 <P 28 -<1>29 8y3 
<1>34 -<I> 8 <1>21 -<P 29 <1>35 exy3 
TABLE D- I I I </>1 -<P 2 <1>3 .. '<p 4 '" 4 
-
<1>12 <'~1·7 -<1>18 ex4 




61 0 ~ -8 ft ~ -e~ 0 ~ J 
o-..:s 0 8 3 
(1 ---8
2 2 
~? N3 8x3_._ eY~_._~!.XY3_~"··L_~X4 8y4 , 8xy4 
82 
-8 - 8 3 -8 -6 0 
<') 8 4 82 \,11 1 4 2 v 
0 . -8 3
--6
8 -8 -8 0 
--0 8 ... e . T 
2 6 2 . .:6 xl 
-(f- 0 0 82 0 -8 5 84 -6 2 67 8 5 -8 4 82 ·0 Q 8 1 ., ,y 
--------- 8 2 0 as 0 0 -6 2 86 -8 -8 82 -8 0 
Q. 
·,;,8xJ.:l_ 5 9 6 . , 
-_# .... -, .. 
-6 0 0 1 -8 0 0 8 4 82 61 -8 -8 -6 w' 2 3 : 4 . 2 2 
0 -() ~J 
... 
v 0 0 6", 66 83 -8 -8 -86 '8 
'" 
8 2 72 
0- 0 ::'8 4 8 2 0 0 8 4 -0 2 -8 7 -8 . 5 8y2 
-_._--
r. 82 -6 6 0 
--0--
-8i'-e6 8 S 6q aXIZ 
61 0 .. 0 -6 2 0 $3 0 62 
• .. \IT 
. 3 
0 -6 2 0 -6 3 0 82 °2 ax3 
o· 0 0 .8 Z .. 0 85 6y3 
0 62 0 ,.e-5 0 6xI3 
SYf1'lETF.I C 
-6 0 ·0 -6 w4 1 2 
0 -a., 0 6x4 t-
o 0 ·6 
, !4· 
0 ... ~ xy4 
TABLE D-IV 




STIFFNESS AND INCREt'ENTAL f'ATRI CES FOR A 
FULLY COMPATIBLE ECCENTRIC STIFFENEr. 
INTRODUCTION 
In the case of light ga?c hypars the orthotropic deck 
is connected at discrete points to the supportinp edge me~ber. 
Because of this discrete connection, there is a certain amount 
of non-compatibility betlveen the edge members and the deck. The 
stiffness matrix used in f:hapter III was developed by the use 
of direct co-ordinate transforMation. The co-ordinate trans-
forJTlation assumes that the neutral plane of bendinp for the 
original beam cross-section rewains unaltered. ~ith the type 
of connections used for the light-gage hypars, the assumption 
made above represents the true behavior. 
However, in the case of stiffeners ,~ich are rigidly 
connected to a plate or a shell or a monolithically cast con-
crete beam, there is full corrpatibility between the strains at 
the junction of th.e deck and th') hearne In this cornpatib1e case, 
a part of the deck also acts along with the stiffener (effective 
width concept). The interaction 6f the deck and the stiffener 
results in the adjustment of the neutral axis of the section. 
To account for this change of neutral Clxis, the bendinp property 
of the stiffener will have to be ~odified hy arbitrarily assum-
ing the effective width of the deck actin~ along with the be~m 
, 
(see discussion on Struc. '6', Section IV-SF). ryenending upon 
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the relative stiffness of ~he plate, this kind of arbitrary 
adjustment in the stiffener property will present a problem. 
This arbitrariness is removed by formulating the compatible 
stiffener element. 
STIFFNESS t~TRIX 
A typical eccentric member is shoNn in Fig. 3.10. 
It is assumed that the meF.1ber is uniform in size and its local 
axes i, ~ and i, througt the shear center and the centroid, are 
parallel to the global axes x, y and z. Let Uc be the average 
axial deformation of the section TIleasured at the centroid of 
the section (C.G.) and V and !\! be the bending deformations s s 
measured at the shear center (S.C.). 
A~st~ming a rigid connection betl'leen the stiffener and 
the reference structural node points, the displacements at the 
shear center and the centroid can be expressed as follows: 




Y. (av) E-Ia c ax c ax 
" 
= v - z 8 E-lb s s 
1'1 = w + Y s8 E-Ic 's 
where e = ~;. The total strain energy of the beam element can 
be given as 
EAb a au 2 E~y a a 2Vl 2 U f c dx + f ( ,s) dx = -2- (--) b ax a7 0 0 
EI a a2v 2 I . a a~dx 1. Er a 'a,,2dx + __ z 
c! ( --1-) cl.x + 2' C.J f + J E-2 2 2 ax 0 a 
All the member properties are expressed llfi th refer-
ence to their local principal axes. The displacement fields 
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for u, v, wand e are given by Equations 3-26, 3-27. The 
stiffness matrix (neglecting the in-plane rotation e ) is given 
. z 
in Table E-I. Though not tested on the hypar structure, the 
element '\-lhen checked for simple cases such as simple and canti-
lever beams, converged to the correct results. The element can 
be used for a rigidly connected eccentric meflber and correctly 
locates its m'JTI neutral axis under different types of loading. 
It may be "lOrthl\1hile to note that because of the 
coupling of the u, v and 'ttl displacements, the resulting displace-
ments for u are no lonrrer linear. The use of a Hermitian 
polynomial of tI:.e same order as used for the v and w displace-
I!lents will give more rapid convergence characteristic than with 
a linear u displacement field. It was not possible to use u as 
non-linear because of the lack of a corresponding degree of 
freedom in the formulation for a plate or a shell element. 
Similar stiffness matrices are reportee: in Refs. 70, 71, Nhereas 
the theory of the element is developed in detail in ~efs. 72, 
73. 
INCREj~E~TAL t"iATDIX FiR UNIFOn;'LY CCI:PPESSED 
ECCENTRIC STIFF[NER 
The load acting on a fiber whose cross-sectionRl 
area is dA, is crcJl and the change in the distance between the 
end point of a fiber is given by ~u. The increase in the po-
tential energy due to the change of fiber is ~iven by 
8V = - f cr~udA 
/' 
E-3 
For the section 'vhich shops both TI'odes of buc1r ling (flexural 
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as well as twisting),thci change in the length of a fiber is 
given byS7, (Fig. E1) 
a 2 2 
flU = 1 ! {(hv + ye') + (~vx - ze') }dx E-4 
'2 0 ax 0 
For the uniformly loaded section, (J is the constant 
quanti ty and aA = P. Therefore the change in the potential 
energy 
!p a 2 (dV) 2 (al'J) 8 ' oV = ! '{ C al'r) + + 2Yc 2 ax ax ax 0 
-2Z cav)e' + 8,2p2}dx E-S c ax 
\-lhere Zc and Yc are the distances of the centroid of the sec-
tion (Fig. 3.10) and p is' the radius of gyration for the polar 
moment of inertia of the cross section about the point o. 
[-6 
The incremental matrix can be obtained by integrating 
the expression E-S~and then obtaining the second derivative of 
the total change in'the potential energy. The incremental 
matrix (8x8) is given in Table ~-II. 
The stiff~es~ and the incremental matrices for the 
eccentric stiffeners can be used to ~redict the buc~ling load 
for the stiffenedp~ate. Beca~se ,of. the non-availability of a 
large-order eigenyalue solution routine, the formulation could 
not be checked ",ith,o:ther available solutions. However a 
simple case of .tl-lis 1:- bucld "j.ng of colUlllIl section about the 
forced shear center for a T-section and I -section ~ ... as compared 
'''ith the classical solution for hinged end condition given by 
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Bleich56 . 
Z 2 Iy + rb [ s , + 
Ipc 
2 ~ a J] 
2 I 
'IT E pc 
E-7 
IpC = Polar moment of inertia about the forced shear center o. 
The only difference for both the cases is that the T-section 
has rb = 0 whereas rb for the I-section is 1590 inch6 , In 
both the cases, for simply supported ends, the t't'.'ist buc1<'ling 
load was within «1% in error, from the values given by the 
classical solutions. A negligible error is observed in one 
element solution. The buc~ling stress predicted with 





6y = -ze 
6Z = Ye 
z 
y 




a = 200" 
\-- ST 12 I 39-95 12 WF 40 
Fjg. F2 Twist Buckling 
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STIfFNESS MATRIX FOR A COMPATIBLE 
ECCENTRIC STIFFENER 
1 
q 1- I j 
o..~ 0.3 ().3 0..2. i 0.. .. 
--- - . ······r --.. . .... -
12EL o, 12.EI(JYS :"ErCy!-c,E1i'(s 
---- '----1 -
Cl ~ ii E l~~.s 7a.~;· . 0c Z- T~Z·E r; ~~ 
2 . , :(a 
r 'L E I2!;;a.~ , EL Ii rt· G, El i'$! 0.1-
" I ' ! / "'"5 c;.J O-..i a.l-;-. GJ 10 
+ 12.£rb /o.~; 1- ,E Pb / d' 
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'I] 1 °xl Syl °xyl 'IT 2 ° xZ eyZ 8xyZ 
6 6 a a 6 6 a a G1 5 5 G1 10 10 G1 5 5" G1 10 10 wI 
6 a a 6 6 a a 
°xl 5 GZ - 10 GI 10 GZ - 5 G1 - 5" Gz - 10 G1 -G 10 Z 
2 
aZ Z 2,... a a 1 Z 1 Z eyl IT - IT a \')1 rO 10 G1 - 30 a ~a G1 





°xyl IS" a GZ - 10 - 10 GZ 30 - 30 a Z 
6 6 a a 
SYI'lHETP.I C 5 5 GI 10 IT G1 F -Z 
G1 = Y c 6 a a 





2 ~- 2 
P IT =--a G °y2 Note Common Factor 1!J 1 -
a ---
TABLE B-I1 IN CP,Er ~H1T AL j:ATR1X FOR 2 2r, ISa '2 °xy2 







Computer programs were written for linear stiffness 
and instability analysis usinp both curved and flat elements 
(I1ethod 'a' and ~'ethod 'b'). Since the input data for both 
curved and flat ele~ents is nearly the same, a general des-
cription of both stiffness and instability programs is given 
here. All information given in this appendix, is pertinent to 
Im~ 360/65 wodel availahle at the Cornell Universit~ Double 
precision is used in all programs. 
STIFEmss A;JI~AYSIS 
Hypars have mostly been analyzecl for a uniform grid 
size 8x8 (64 elements). ~ependin9 upon the nvailable core 
storage and required accuracy of the solution, the grid size 
can be varied. For the flat plate elcrents, the progr8~ re-
quires a core size 365K and has a compilin~ time roughly of 55 
secs. The computation time for o~e proble~ is rour,hly 70 
secs. The ti~e requirement for the curved element pro~ram IS 
s oJ11e~'!ha t 1 e s s . 
The input information can be categorize~ as follows: 
1. Proper! tes of the')eck 
Properties of decLs shO\o'n in Fig. 2. 2a, band c can 
be calculated by a subroutine 'PPEC" in which the geometrical 
properties such as tl.ickness and other physical parameters can 
be specified. For decks other than those mentioned above, 
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elastic constants Ex' Ey ' ... etc., are to be calculated and 
read in as input data. Besides the type of deck, the orien-
tation and number of decks also need to be specified. The 
geometrical properties calculated on the basis of shape can 
be further modified by the use of coefficients determined ex-
perimentally. 
2. Geometry of the purface 
The eeometry of the surface is defined by specifying 
the number of hypar quadrants and the property of each quadrant 
in terms of its rise» spans, local origin (1\i» Bi' Ci , xi and 
~i' Chapter III). The groupinp of the elements in each quadrant 
also needs to be specified. Structural shapes other than 
umbrella shell, can be handled \';i th ease. 
3'. ~ring rata 
As pointed out in Chapter III) in order to retain 
the close-bandedness of the stiffness matrix, members such as 
a supporting column and tension tie rod are idealized by 
springs hRving equivalent stiffnesses. The number of such 
stiffness constants has to be specified. 
4. Bean- lIata 
B~~ms ca~ be added along any lin~s of generators. 
The beam data is given in the usual way with its location 
specified by the start and end points and their co-ordinates. 
Beam properties such as area, moment of inertia, warping con-
st·ant, ~eccEmtticities and distance of extremef:ibers for the 
calculation of stresses are required. 
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5. Loading 
The soluiion can be obtained for three different 
loading cases or any combination of the three. The three 
cases of loading are: a. uniformly distributed load over the 
whole surface; b. "l.veigh t of the edge J11err,ber; c. discretely 
applied forces at any nodal points. 
OUTPUT 
The output is given in the follol':ing order: 
(i) Six components of displacements at each node point 
(u, v? w, ex' 8y ' e ) . xy 
( ii) Axia1,bending and total stresses for beam. 
(iii) Deck forces per unit length (Nx ' Ny' -" J~ xy' and 
~1y) . 
(iv) Reaction forces in each idealized spring. 
INSTABILITY ANALYSIS 
Instability analysis is done only for uniformly dis-
tributed loading for the grid size of 6x6 with 3fi elements 
though results can be obtained for any general type of loading. 
As pointed out in the stiffness analysis, the r:rid size can be 
varied to meet the requirerlents. The compiling tiT"e is roughly 
50 secs, whereas the time for individual iterative cycle 
ranees a10ng 20 to 50 secs. 
The input stream is basically the same as that for 
the stiffness analysis, the additional inforT11ation needed here 
is the startinp: load point (First increment, see Chapter vI) 
subsequent increJllental loads and the numher of iteration 
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cycles required at each step. 
The output gives only the load level and the corres-
ponding displacements at all node points. 
The program using the flat plates can he easily 
modified to solve any shallow shell probleJlls by defining the 












































00 INCH 15 
1.14 0.07 0.05 
0.78 0.06 0.04 




INCH (linterpo1ated 0 
1. 23 0.077 1. 45 
0.68 0.050 0.87 
0.28 0.052 0.38 
~!o .... ~~' /7~' . 




o 15 0 INCH (linterpo1ated 
0.07 0.71 
0.06 0.77 0.75 0.080 
0.05 0.84 
0.04 0.93 
0.58 0.06 0.38 0.040 
0.04 0.48 
0.06 0.14 
0.040 0.20 0.26 0.037 
Test No. 521(1) means: 
5 = The curvature of the hypar, same as that of a 
quadrant having rise/span ratio of 1/5. 
2 = Two decks. 
1 = Test No.1 
(I) = Both top and bottom decks were interconnected. 
-192-
TABLE 111-1 
Cm!PAR1Sm~ OF CLASSICAL AND FINITE 
ELmJENT SOLUTIONS FOP S rr,PLY - SUPPOPTED, 
AND UNIFOm~LY LOADED 28-G 
npTHOTROPIC PLATE 
FINITE ELEi"~NT SOLUTION 
DOUBLE SINE 
LOCATION GRID SIZE SERIES SOLUTION 
6x6 12x'; 2 
0 INCH C INCH 15 INCH 
P- O 0 0 
1/6 6.117 6.106 6.31 
1/3 7.397 7.397 7.36 
1/2 7.137 7.139 7.09 
2/3 6.961 6.962 6.96 
5/6 6.944 6.944 f·. 98 
13 6.952 6.952 6.97 
See Firs. 3-4c and 3-5. 
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TABLE 111-4 






Xz - xl C = x L 
Y2 - Yl C = Y L 




j~2 + C2 x z 




. ,,,C z ,. "L . ....... " 






nECK EDGE f·'mmEPS LOA, P!, 
A 1:: C NO. OF THICKNESS I d Ex10 G J-:rt-- ------'.1 TYPE I Ihcnh!i_CH IrNCH hYPE DECKL J~H INCEr /INCHI O,--~S/INCH2 
BOUNDARY 
ICONDITION~ 
v I B1 B2 I TYPE PSF 
I 
x 
0.80 1.0 28.! 0.40 I Xso xso x 10 I 1 10.1 
I --- -- I 0.2S L 0..5 0.39 III144 6.46 6.46 1. 304 \, 
----+--- i-o--varl,II 1 28-G 0.00047 var- 29.5 0.30 3. "O.D. 3"0.D.. IiI---t40 






L II II II 2 I; " II " il " 
~ . I! n 
1 I: 14 WF 14 WF ;1 
1360 -600-W-O~ IV- ----+ ______ +-___ -1------
See 
Fig. 
1. 532 1.0 I' 80 
69 
• 24 24 6 I 1 
43 6f! 
4.3 J .... -















!; ,. :. II 
" 
I; Ii II II VIII 
-----111---- ------ I 
72 14.41 II 2 28G 
0.0149 
0.00047 0.04 29.5 0.3011';<1> 
Std 




















tABLE IV-l C0NTINUED 
STRUCTURE I . C: 
A 
NO. I TYPE I Iitl Oi 
11 II 72 
12 ' ~ ~ I . ; 
;. 




13, r; " 
.... 
14 ~ : 240 




M C I~CH INCH 
72 14. 
, 40 











- -~ , 
NO. OF[HICKNESS Iyd 
TYPE nECKS INCH INCH" / INCH 
' I I ; 1 28G 0.00047 ' 
0.0149 
" 
" " 24G 0.000753 
0.0239 . 
'--






I" f' 16G 0.00.192 
0.060 
I 1 0.25 -
x Dimensions are in cms 
+ gtn/c:m2 
* O~ly 1: alf the structure l'laS loaded 
-
• 





0.06' f I 
I! 
" 
1.0 I). SO 
-
T1IO lrading conditions are analyzed: 
1 \'IT] th 40 psf only 2 40 psf + ''1eight of the edge JTlembers. 
For types of structures see Figs. 4.1 - 4.5. 
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BOL'NDARY LOP. 
EDGE VEr,'BERS CONDITIONS IN' 
B1 B2 TYPE PSF v 
0.3 3 f 'O.D. 2-3 f 'O.D. V 40 
~"Thk ~flThk VI 
pipe pipe 
Ii 






" " " 
tI Ii 
fI-
,12[40 , 2-12 V • t: 
[40 
" 




I = Isotropic deck of uniform thickness 
II = Corrugated sine-form. Pig. 2-2a. 
III = Corrugated trapezoidal. Pig. 2-2b. 
IV = Cellular trapezoidal deck. Pig. 2-2c. 
BOUNDARY CONDITIONS 
I = Edges x = + A and y = + B are fixed. 
II = Edges x = + A and y = + B Knife-edge supported. 
III = Tp = 0 for edge members along x = + A and y =-+ B. 
(i) w = 0 along x = + A and y = + B 
(ii) a tension bar connects low corners. (f and b -
IV 
V = 
Structure I and a and c = Structure IV). 
= Tp = 1 and TH = 1. Por all edge members. Por the 
eccentric locations of edge member with respect to the 
deck, see Pig. 4-5. 
(i) x = y = 0 Lines of symmetry. 
(ii) x = + A and y = + B Free edges. 
(iii) x = y = o rigid support. 
Tp = 0 T = H 1 for all edge members. For the eccentric 
connection of edge members see Pig. 4-2. Por 
(i) x = 0 u = o. 
(ii) y = 0 v = o. 
(iii) 8ya = 8xya = arh = 
,axyf = O. 
a = a • a = e = xyh xc xycxf' 




Boundary conditions identical "ii th V except TH = n v 
for all edge membe'jos ~ 
T ' = F 0 T '= H 1 for all edge members. ' Edge members 
'. connected con~en trically. Boundarycondi tions (i); 
'( it) '.-and . (iii) are same as· in the case V. 
are 
VIII = Boundary and fixity conditions. Same as given in IV. 
The line cf (y=o, Fig. 4.2) is the only line of symmetry. 
Also. see Fig. 4~20. 
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TABLE IV- 3 
. . " .. 
cm.1PARISON OF DEJ>LE·CTIONSBY 
rmTHODS 'a' and 'h'; ;FOR ~TRUCTURES 1 and 2 
.: 1 ·t.' ( 
STRUCT'VRE 1 STRUCTURE 2 
LOCATION Hethod 'a' 
IO ~ 2cms . 
Method 'b" I:~ethod 'a' 
10 - Zcms . ,10 - 3.5 rich 
Method 'b' 
-3. 10 ',lllch-
c ·f.22·s 1. 235 5. S'O 5.552 
2.352 2.384 8 .<S98 '8.466 
2.574 2.602 9.149 9.262 
0 2.531 2.551 9.196 9.322 
B 
0.742 0.750 3.271 3.251 
2.218 2.248 7.526 7.561 
2.613 2.647 9.081 9.184 
0 2.531 2.551 9.196 9.322 




DECK STRESSES IN PSI AT THE CENTER 
, 
OF A QUADRANT (Point e in Fig. 4.2) 
AXIAL STRESSES BENDING TOTAL STRESSES STRESSES 
STRUCTURE EXPERI-\CALCU- EXPT I CALCU EXPT CALCU-NO. DESCRIPTION MENTAL LATED LATED LATED 
9 28-G 
Double Deck 832 848 1460 1870 2292 2718 
11 28-G 
Single Deck 890 62 6820 10700 7710 10762 
12 ' . 24-G 
Single Deck 69 5600 6200 6269 
13 28-G 
Double Deck 2780 22 6505 4510 9385 4532 
For the Structure numbers,refer to Table IV-I. 
" . ~ 
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TABLE IV· 5 
DEFLECTIONS IN INCHES OF INVE~TED m1BRELLA 
, . 
SHELL WITH STIFF EDGE ~:a1BERS 
" J.", EXPERIr'ENTAL 




0,133 0.20 0.26 0.15 
"ob 0.29 0.29 0.A8 O.lR 
~c 0.16 O.lS 0.15 0.15 
~e 0.91 0.70 0.92 0.59 
. , 
STPUCTURE 12 
~a 0,.12 0.11 o . 180 . 0.04 
0 
. ",b 0.26 0.23 0.26 0.32 
'\:; 0.13 0.095 0.150 0.040 
Q
e 
0.57 0.42 0.62 0.26 
STRUCTURE 13 
15 0.18 .. 0.15 0.26 0.040 a 
°b 0.31 0.31 0.55 0.15 
~c 0.18 0.15 0.26 0.040 
°0 0.56 0.54 0.92 0.26 
See Fig. 4.2. 
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TABLE IV-6 
EDGE BEAr' STRESSES FOR INvEPTED UT-·ffiPELLA SHFLL 
- . WITH STIFF EDGE ~"TINBERS (q = 40 PSF) 
AXIAL BENDING TOTAL (Absolute) 

































STRUCTURE 11 28-G Single Deck 
1070 4850 4481 
456 3120 3990 
- 586 1660 1167 
- 900 2320 2496 
856 3020 3050 
STRUCTURE 12 24-G Single Deck 
1093 4140 4385 
420 3500 3801 
- 609 540 955 
-1075 1100 2165 
874 2300 2668 
STRUCTURE 13 28-G Double Deck 
435 4110 4228 
435 5260 4228 
- 518 2040 1650 
- 734 2020 2106 
357 2320 2561 





























SELECTED EXAMPLES SHOWING THE EFFECTS OF CHANGE OF STRUCTURAL PARAMETERS 
*Structure 
9 • 10 
13 • 13. 
11 • 12 
11 a 13. 
*Strllcture 
9 & 10 
• 
13 6 13a 
11 & 12 




EDGE MEMBER STRESSES PSI 
MAX. AXIAL 
Type Value 6a 6b 6c 6e oa oc ab bc 
Rise 'C' 14.40" 0.38 1. 57 0.38 0.69 -5329 -5329 2747 2747 I~. 80" 0.41 1.69 0.41 0.75 -5518 -5518 ~75~ ~75~ 
Shear 0.05 0.18 0.31 0.18 0.56 - 856 - 856 4~ " 431\ Rigidity -0-:06"- 0.15- 0.28 O.ls 0.48 - 881 881 481 481 
factor a 
28G 
Thick- 0.0149 0.13 0.29 o .1§ ___ 0 !~L--=--!J2~ ____ -_802 456 1070 
ness 24G 
0.0239 0.116 0.26 0.13 0.57 -1150 - 870 420 1093 
No. Single 
of Deck 0.13 0.29 0.16 0.91 -1129 - 802 456 1070 Double Deck Deck 0.15 0.28 0.15 0.48 - 881 - 881 481 481 
DECK 
BENDING STRESS Shear force at -------~~~~~~~~~~~--------~~--------~~r---- Center for N
xy PSI 1bs/inch 
EDGE MEMBER STRESSES PSI 
MAX. BENDING 
oa oc ab bc 
18 L:3 5 7 __ 1~, :3 5 7 __ 1 7 ) 14_4_ 1 7 ~4 ____ 1 .870 52 • 75 
19:077 19,077 18,172- 18,179 _2,130 54."90 
6 J 648 __ 6 ,64 8 ~ _ 4,22_8 _ ~ ~ f_8 _~ 4~ 510 50 . 0 
5 ,899- S~899 4,095 ---4,095-- 3 t 780 --- SL 28 
5 1 2 2 5 __ 4 1 63 4 3 , 9 9 ~ 4 , 480 __ ~_J 0 , 700 36 . 96 
4 t 723 3 ,974 3 ,8 or _ 4 ,38 5 - 6, 200 37 . 75 
S,)25 ___ 4,634 ___ 3_,990 4-,480_~ ___ 10-,700 36.96 
5 ~ 899 -~5;89g-_-_-~~3~_99...L.... 4~S ----__ -~..J 780 --- - 5~T8 
For locations of deflections and stresses see Fig. 4-2. 




THE CO~'W[1RISON OF AXIAL STRESSES IN THE EDGE r'm~BER AS GIVEN 
- -
BY r'Ei'BRPNE THEORY AND BY ANALYSIS 
~"ENBRANE ANALYTICAL PSI , OF MEMBRANE THEORY 
THE0PY . ! 
STRUCTURE STRESS 




5 1.0 *19660 10700 9070 ~440 11040 54.4 48.7 50.6 56.1 
18640 I 
----.-.•. -
---- :-l 11 0.06 1570 1129 802 456 1070 71. 8 51. 5 29. 68.2 I 
.. 
----'- ------.----~ -- .- j 
12 0.06 1510 1150 870 420 1093 73.2 55.5 26.7 69.~ 
-. 
DOPBLE nECKS . I 
- --.-- 38~ 9 0.04 7100 5329 5329 2747 2747 75.2 75.2 38.8 
-- -
. ... 
13 0.05 1570 856 856 435 435 54.40 54.4 27.7 27.7 
------
.------ -
13a 0.06 1570 881 881 481 481 56.2 56.2 31. 30 31. 3 
-
14 0.06' 3420 1673 1673 1575 1575 49.0 49.0 46.0 46.0 
--1-.• 
-




STIFFENBD PLATE :SUClCLINGP-ROBLEMS 
DI~NSIONS 
LOADING a-inch b- inch t-inch y -6 K % 'Error 
:: J 
--
.. b 108 108 5/8 - - 4.0 :: Ii _ 
:; 108 108 --, ,- 5/8 5' 0.10 11. :to 
,--
~ 11 
__ 0 , 
.... 
..... 10'8-- 108 5/8 ,- -4.0 
... - -
b <0.2 j '2 108 108 5/8 5 0.10 20.' 5 
a/2 
-, 










1 t 24-G 70.5 _ 70.5 - - 0.-670 -- 7.46 




TABLE VII-l Propertl~$ ~~d Di~enslo~s ~! ~lat $hear Tests 
TABLE VII-l Continued 
Test Di:1cnsions Steel ;:dge ~o. 0: Sea.., Jeck - Edge G' 
:'0. (ft) Decking ~·:c:::bcrs Panels Conne(:::io~s Conncctio:;s ,.. (1h/in) v 
9 5 x 5 28G s.c. 6':xl1;!\lx.1046" 3 screws screws @ every .068 11500 
1 IOlyer cnan..."\Q Is @ 2-2/3" 3rd vOllley and @8" 
10 6 x 6 26G S.C. 6I1Xl~IIX.l046" 3 screws screws @ every .098 39800 
2 IOlyers channels @ 8" valley and @ 4" 
11 6 x 6 26G S.C. 6"x3 /4"x.1046" 3 scre~"s scre,,,s @ every .114 46300 
2 layers chOlnnels @ 8" valley and @ 4" 
12 6x 6 28G S.C. 6 I1xl!z"x.l046" 4 scrcms screws @ every .056 18900 
2 layers channels @ 8" 3rd vOllley Olnd @8" I 
N 
13 6 x 6 2SG S.C. 6''xl1.!'::,.1046" 3 screws @ every .040 13500 0 screws OCI 
2 layers channels @ 2-2/3" 3rd valley and @8" I 
14 6 x 6 28G S.C. I" std weight 3 screws screws @ every .045 15200 ~. 
I 2 layers pipe @ 2-2/3" 3rd valley and @8" 
.15 5 x 5 28G S.C. 6''xll.!''x. ~O46" 3 screws screws @ every .050 15400 
2 layers channe~s @ 2-2/3" 3rd valley and @8" 
. (-
16 1 x 1 2 mil corr. 3/16'fODx.014 f1 t I 
-
soldered @ every .030 1360 
2 layers : brass tubes valley and cont. 
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TABLE VII·2 t:xp(~rimontl'll Results for Sc'ldctle Shaped Hypc'lrs 
Supported All Around (q ~ 40 psf) 








res t '''J.lilX: 1 n 
[\0. inches 
(a) One Layer of Decking 
Stress at Canter in Strong Dir. 









(b) Tno J.c'lyers of Decking 
Axial Force in 




Stress at Center in Stron~ Dir. Axial Force 
Bending (psi) A.xial (psi) in Tie Bar 
_______ Bot. Layer Top Laxer Bot. tayer Top Layer _,!..<::.,;lb:,:S:,:):-_ 
321 0.86. 12400 10000 -290 1810 1560 










































* Based on one str.'in. gage at extreme fiber, axial stress 
assuned to be zero. 






TABLE VII-3 !·;xp.-"!riucntill Rc~ults for S:lddle Sh"p~d Hypilrs 
~tlpportcd A 11 Arollild (S" x 12" "rea loaded) 
(;,) One Layer of ))eckinz, Lo"d "" 100 lb. 
T,~~;t \.,I1.1"1~~ in 
No. inc;lCs 






'fcst '''J:lilX in 
No. inches 
SI:.£.CSS....JIl:_ Center in Strone Dir. 







Two Layers of Decking, ~oad = 200 lb. 
AXi"l Force in 




Stress ilt Center in Stron~ Dir. Axial Force 
0Cl1d.\ l1,~~ (psi) Axl"l (psi) in Tie Bar 
_. __ Dot • __ £~ayer ToP..1-:?yer Bot. Laxer Top taxer (lbs) 
iJ21C 0.50 131~00 20000 -160 -1380 470 
U22C 0.42 11300 17000 ,.400 210 530 
;)211 C 0.)9 13600 10900 -1650 -1300 390 
521C 0.l,4 14000 16500 1060. -1090 
522C 0.41 15300 11300 460 360 
5?2IC 0.32 13000 ,9300 860 -350 
321C 0.24 15700 10100 1220 750 140 
322C 0.28 10200 9900 10 -40 180 
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Fig. 2-3 Effective Cross-Sectional Area 
of a Hat for Axial Force 
Max. 
Stress - ] 
-L-_, _________ ~ Mean Stress 
e/2 
l Effective Width 
I.. ..\ 
Fig. 2-4 Effective Width of Compression 
Flange in Bending 
-215-
~ Principal Directions 
Y ' £ 'a ' , y' y 
Fig. 2-5 An Arbitrarily Oriented Orthotropic Deck 
~--- Lower 
Deck 
. ____________ . ____ .Eti~~ember. __ . __ 
Fig. 2-6 Edge Member and Decks Coanection 
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Fig. 2-7 Shear Rigidity Factor tat Vs Hypar Curvature 
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Fig. 2-8 Shear Rigidity Factor 'a.' Vs Hypar Curvature 
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a • b • 80 inches 
t = 0..05 inch 
E • 29.SxlO'lbs/inch 2 
\I ... 0..30. 
q ... 1 psi 
No. of Elements = 64 
(Full Plate) 
O.Oo.406qa lt 
°B ... D 
b) a = 96 inches 
b ... 144 inches 
t = 5.0 inch 
E ... 3xlO'lbs/ . 
inch2 
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• 18 (Half 
Pla~~) 
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D • • 
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\I .. O. Sf} 
q ;:\ Q. 3,0.. psi 
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Fig. 3-5 Deflection Profile Across Corrugations 
(see Fig. 3-4C) for Uniformly Loaded 
simply Supported 28G Standard 
Corrugated Steel Deck 
q = 0.30 psi 
Deflection of 
r- Beam Strip 




A Series Solution 
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(a) (b) (c) 
Fig. 3-6 Typical Cross-Sections of Beams 






Fig. 3-7 An Arbitrary Cross-Section of a Beam 
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Nodal Bending Displacements 
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Fig. 3-12 Convergence Characteristics for Vertical Deflection 
'~Qt for Case I (Fig. 3-11a) 
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Fig. 3.l4a A Cantilever Column 
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Fig. 3-16 Element Size 














Fig. 3-18 Co-ordinate Transformation for 
a Beam Element 
y \ 
z z 
Fig. 3-19 Boundary Conditions in Global Co-ordinates 
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Fig. 3-21 Twisting of an Eccentric Edge Member for TF=O 
~Z30~ 





















(c) Stiffness Matrix 
with Sparse entries 
Fig. 3-22 Solutions of Equations 
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Fig. 4-1 Structure Type I 
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Fig. 4-3 Structure Type IV 
Note: 1 & 2 Refer to the Locations of Rosettes 
1 2 3 4 5 6 7 8 
h I I I I I I I I a 
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Fig. 4-4 Quadrant of a Hypar 
B 
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Fig. 4-5 Structure Type III 
Strucs. 
'6' & '8' 
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Fig. 4-6 Deflection Profiles 
(Structure 'I') 
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Fig. 4-10 Axial .Stresses in Edge Members 
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Stress in psi at Point Ie' 
Fig. 4-15 Load vs Stress at Point 'e' (Strucutre '6') 
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Fig. 4-19 Shear Force Nxy lbs/inch 
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Convergence Characteristics for Corner 
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Structure '9' 
- - ...Q- - - - Structure' 10' 
Fig. 4-25 Stresses in Compression Member 
(Structures '9' and '10') 
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2. 75 Axial Stress 
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Fig. 4-26 Stresses in Tension Member 
(Structures '9' and '10') 
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Fig. 4-29 Effect of Eccentric Transfer of Force at 
a Junction of Tension and Compression 
Edge Members 
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Fig. 4-33 Deflection PTofiles 
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Fig. 4-35 Vertical Shear Force Diagrams 
(Structure '11') 
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Fig. 6-3 Buckling of Structure '1' (Table IV-I) 
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Fig. 6-4 Buckling of an Isotropic Umbrella Shell 
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Fig. 6-6 Buckling of a 28G Double Layer All-Supported Hypar (Structure '13') 
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-282-
Fig. 6-12 Deck Buckling from Enersy Het_od Analysis 
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Figure 6.14 Photo of buckled hypar ) . 
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Case Equation k 
I P == tfEI/(k1)2 1.0 Cr 
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IV (q 1) =- ... 2F. I / (It 1) 2 1.122 
cr 
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cr 
=- ,..2E1 /(kl)2 VI (q 1) 0.436 
cr 
== "(t2E1 /(kl)2 VII (ql) 0.284 
cr 
Fig. 6-13 Fellower Force Buck1in~ of lselated Ed8e MeMbers 
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F 1.1 at sheaT test 
1.2 e hypaT no. 8 
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Figure 7.3(a) Umbrella Shell No. 11 
Figure 7.3(b) Test No. 11 in inverted position 
-287-
Figure 7.4 Small-scale test 
Figure 7.S Test No.9 in inverted position 
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Figure 7.13 Experimental Vertical Deflections in 
inches at 40 psf, 2 ft x 2 ft x 0.25 ft, 
Umbrella Test (Section VII.ld). 
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Deck !>l:n::;:-;c':; in bottol1 layer nre to the left of those 
in top layer. 
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Figure 7.14(b) Experimental Stresses in psi at 40 
psf, Umbrella Test No.9. 
